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CHAPTER

VII

THE SYS TE M OF MO D A L

LOGIC

$ 46. The matrix method
Fon a full understanding of the system of modal logic expounded
in this chapter it is necessaryto be acquainted with the matrix
method. This method can be applied to all logical systems in
which truth-functions occur, i.e. functions wh6se truth-values

argument are put on the left, those of the second on the top,
and thg truth-values of C can be found in the square, *h.ii
the lines which we may imagine drawn from the -truth-values
on the margins of the square intersect one another. The matrix
of "M is easily comprehensible.
q

C

'{:

IO

N
o

II

I

IO

Mr

T H E M ATR IX M ETH OD
$+ 6
according to equalities stated in the matrix gives r as final resuJt,
the exprCssionis proved, but if not, it is disproved. For example,
CCpqCNpNq is disproved by Mr, since when ! : o and,q -: r,
*. nu't CCofiNoNr : CrCto: Cro: o. By contrast,CpCNpq,
one of "tour axioms of our C-N-p-system,' is proved by Ml,

because we have:
For p : I, 4 :
,, ! : r, 4 :
:
,, ! :o,4
,, ! : o, Q :

t: CrCNrr
o: CrCNrc
r : CoCNor
o:CoCNoo

:
:
:
:

CrCot :
CrCoo :
CoCr t :
CoCrc :

Ctr :
Ctr :
Cor :
Coo :

r,
r'
r'
r'

In the same way we can verify the other two axiotns of the
C-Jrfjrsyste m, CCp qCCqrCpr and CCNppp. As M r is so constructed
that the property of always yielding r is hereditary with rcspect
to the rules of substitution and detachment for asserted expressions, all assertedformulae of the C-M-P-systemcan be proved by
the matrix Ml. And as similarly the property of not always
yielding r is hereditary with respect to the rules of inference for
rejected expressions, all rejected formulae of the C-"1y'l-system
cin be disproved by Mr, ifp is axiomatically rejected. A matrix
which u.rifi.t all formulae of a system, i.e. proves the asserted
and disproves the rejected ones, is called 'adequate' fo1 thesystem. Mr is an adequate matrix of the classical calculus of
propositions.
Mr is not the only adequate ,matrix of the C-N-p-system. We
get another adequate matrix' M3, by 'multiplying' Ml by itself'
The processof getting M3 can be described as follows:
Fiist, we form ordered pairs of the values .r and o, viz.: Q, r),
new m at r ix.
Q,o), (o,i , (o,o) ;the se ar e t he elem ent sof t he
Secondly, we determine the truth-values of C and "l/ by the
equalities:
: (Cac,Cbd),
0) C(o, b)(c, d)
:
(N a,Nb) .
(z) N (a,b)
Then we build up the matrix Me according to these equalities;
and finally we transform Mz into M3 by the abbreviations:
(r, | : r, (r,o) : z, ( o, I ) : 3, and ( o, o) : o'
t See p. 8o.
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Symbol r in M3 again denotestruth, and o falsity. The new
symbolsz and 3 may be interpreted as further signsof truth and
falsity. This may be seenby identifying one of them, it doesnot
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matter which, with r, and the otherwith o. Look atM4, where
2 : r, and3 : o. The second row of M4 is identical with its first
row, and the fourth row with its third; similarly the second
column of M4 is identical with its first column, and the fourth
column with its third. Cancelling the superfluous middle rows
and columns we get Ml. In the same *ay *e get Mr from M5
w h e re 2: oand3- r .
u four-valued matrix. By multiplying Mg by Mr we get
Yf.ir
an eight-valued matrix, byfurthermultiplication Uy M, asixteJnvalued matrix, and, in general, a ez-valued matrix. All these
matrices are adequate to the C-N-p-system, and continue-to be
adequate, if we extend the system by the introduction of variable
functors.
$ 47. The C-N-6-p-s7stem
We have already met two theseswith a variable functor 6: the

even to logicians.
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'l'lrc introduction of variable functors into propositional logic
ix rlrrc to the Polish logician Lesniewski. By a modification of his
rrrl<'o['substitution for variable functors I was able to get simple
irrrrl r'lcgant proofs.r First, this rule must be explained.
I rlt:notc by 6 a variable functor ofone propositional argument,
urrtl I accept that 3P is a significant expression provided P is a
rigrrificant expression. Let us see what is the meaning of the
lirrrlllcst significant expression with a variable functor, i.e. 6p.
A variable is a single letter considered with respect to a range
ol valucs that may be substituted for it. To substitute means in
pr;rt:ticc to write instead of the variable one of its values, the same
v;rlrrt: for each occurrence of the same variable. In the C-N-p$yst(:m the range of values of propositional variables, such as p
.r' r/, consistsof all propositional expressions significant in the
flyst('m; besidesthese two constants may be introduced, r and o,
i.r'. rt constant true and a constant false proposition. What is the
r irrrgr:of values of the functorial variable 6 ?
It is obvious that for 6 we may substitute any value which gives
toliclhcr with p a significant expression of our system. Such are
rrot only constant functors of one propositional argument, as, e.g'
.M, lrrrt also complex expressions working like functors of one
;rfgrfmcnt, as Cq or CCNpp. By the substitution 6lCq we get from
li/ tf rt: cxpression Cq1t, and by \lCCNpp the expression CCNppp.
It is cvident, however, that this kind of substitution does not
crrvr:r all possible cases.We cannot get in this way either Cpq or
{|lt(:.Npq from 6p, because by no substitution for 3 can the p be
rtrrrovcd from its final position. Nevertheless there is no doubt
tlr:rt thc two last expressionsare as good substitutions of 6y', as
(,'t1f<>rCCNppp, since 6p, as I understand it, represents all sigrrilit'rrnt expressionswhich containl, including p and 6p itself.
I wrts able to overcome this difficulty by the following device
w'lrir'lr I shall first explain by examples. In order to get CPq ftom
l/ lry :r srrbstitution for 6 I write 6/C'q, and I perform the substitutiorr by dropping E and filling up the blank marked by.an
.r;rrrslr<)phc
by the argument of E, i.e. by p.ln the same way I get
lirrrrr 6/ thc cxpressionCpCNpq by the substitution \|C'CN'q.If
rrrrrlt' llurn one E occurs in an expression, as in C\pCSNpDq,and I
\\'.rnt to pcrform on this expression the substitution 6/C'r, I must
' Sce .l;rn Lukasiewicz, 'On Variable Functors of Propositional Arguments',
l'tunlinp oJ thc lloyal Irish Acadcm2,Dublin (tg5t)' 54 A z.
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everywheredrop the E'sand write in their stead C'r filling up the
blanks by the respectiveargumentsof 6. I get thus from 6p-Cpr,
from 6"Mf-CNpr,from6q-Cqr, and from the whole expressionCCprCCNprCqr.From the same expression CEpC\NpDqthere
follows by the substitution E/C" the formula CCppCCNpNpCqq.
The substitution Ei' means that 6 should be omitted; by this
the principle of
substitution we get for instance from C6pC6NpDq
Duns Scotus CpCNpq.The substitution 6/E' is the 'identical'
substitutionand doesnot produce any change.Speakinggenerally, we get from an expressioncontaining E'sa new expressionby
a substitution for E, writing for E a significant expressionwith at
leastone blank, and filling up the blanks by the respectiveargumentsof the 6's.This is not a new rule of substitution,but merely
a descriptionhow the substitutionfor a variablefunctor shouldbe
performed.
The C-Jfi-fu-system can be built up on the single asserted
axiom known already to us:
5r. CEpCDNp\q,
to which the axiomaticallyrejectedexpression/shouldbe added
to yield all rejectedexpressions.
C. A. Meredith hasshown (in an
unpublished paper) that all assertedformulae of the C-N-Psystemmay be deducedfrom axiom 5r.t The rules of inference
are the usualrule of detachment,and the rulesof substitutionfor
propositional and functorial variables. To give an example how
theseruleswork I shall deducefrom axiom 5r the law of identity
Cpp. tompare this deduction with the proof of Cpp in the
C-N-p-system.z
5r. E/', qlpx5Z

5s. CpCNpp
qlNpx CSS-S+
5t. 6lCpCNp',
5a. CCpCNpNpCpcNpNp
5r. 6/',qlNpx53

t C. A. Meredith has provJd in his paper 'On an Extended System of the Propositional Calculus', Proceedingsof the Royal Irish Academlt,Dublin (I95I), 54 A 3,
that the C-O-67-calculus, i.e. the calculus with C and O as primitive terms and
with functorial and propositional variables, may be completely built up from the
axiom CEEOEI.His method of proving completeness can be applied to the C-N-6-!system with CSpCENptqas axiom. In my paper on modal logic quoted P. I33, n. 2,
I deduce from axiom 5r the three asserted axioms of the C-"1\y'7-system, i.e.
CCpqCCqrCpr, Ccj,lppp, CpCNpq, and some important theses in which 6 occurs,
2 S ee p. B t.
among others the principle of exteruionality.
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,[t. OpCNpNp
c5. plcpcMpNpx c55-56
,t(;. ( t.NCpCNpNpNCpCNpNp
qlp x C54-C56-57
5r. 6/C",pICpCNpNp,
o!!.
!fl.
I slrould like to emphasize that the system based on axiom 5r is
rrrrrr'lr richer than the C-N-p-system. Among asserted conseI f rf('f rccscontaining 6 there are such logical law s as CCpqCCqpCBpD
q,
l,:h(,:lqC6p6q,C\CpqCpDq, all very important, but unknown to
,rlt nost all logicians. The first law, for instance, is the principle of
rxtcrrsionality, being equivalent to CQgqC\pDq, the second may
lrr'trrkcn as the sole axiom of the so-called'implicational'system,
tlrc tlrird as an axiom of the so-called 'positive' logic. All these
lirws <::rnbe verified by the matrix method according to a rule
gi vcn bcl ow .
Irr two-valued logic there exist four and only four different
firtrct<rrsof one argument, denoted here by V, S, N, and F (see
rrrrrl l i xM6).

p
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o

IOIO

M6
lirr thc verificationof 8-expressions
the following practical rule
rlrrc in substanceto Lesniewskiis sufficient: Write for-6successively
tlrc lirnctors V, S, N, and d then drop,S,transform Vuinto Cpp,
;rrrrf/,)vinto NCpp.If you get in all casesa true C-Jf-formula, the
rxprtssion should be asserted,otherwiseit should be rejected.
l'lx;rrnJrlc:.
C6CpqC6p6q
must be asserted,
becausewe have:
()sCpqCSpSq: CCpcCpc,
CNCpqCNpNq,
{ : L',cpqcvpvq : ccppccppcpp, cFCpqcFpFq : cNCppcNCppNCpp.

(;{;ln1(l6p6q
must be rejected,for CCpqCNpNqis not a true C-Jfii,r'rrrrrla.
We seethus that all expressions
of the C-"AA-6-1-system
,rrc r':rsilyproved or disprovedby the matrix method.
\ ,1tt. E-l)efinitions
'l'lrc lirrrctor6 may be successfully
employedto expressdefiniti,rrs.'f 'lrr.:ruthorsof the PrincipiaMathematlca
expressdefinitions
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by a special symbol consisting of the sign of equality':'that
connects the dcfnienswith the defniendum,and of the letters 'Df'
put after the definition. According to this method the definition
of alternation would run thus :

CNPq: gPq

Dl

andHpq ( 'eitherp
whereCNpq('If not1, then 4') is the defniens,
or 4') the defniendun.lThe symbol '.:. Df is associatedwith a
special rule of inference allowing the replacement of the defniens
by the defniendumand vice versa. This is the merit of this kind of
definition: the result is given immediately. But it has the defect of
increasing the number of primitive symbols as well as of rules
of inference which should be as small ag possible.
Lesniewski would write the same definition as an equivalence
thereby introducing into his system no new primitive term to
express definitions, because for this very purpose he chose
equivalence as the primitive term of his logic of propositions
enlarged by functorial variables and quantifiers, and called by
him 'protothetic'. This is the merit of his standpoint. On the
other hand he cannot immediately replace the defniens by the
defniendumor conversely, because equivalence has its own rules
which do permit such replacements.
In our C-Jf-57*ystem
equivalence is not a primitive term;
hence it must be defined, but cannot be defined by an equivalence
without a vicious circle. We shall see,however, that it is possible
to express definitions by C and 6 in a way which preserves the
merits of both standpoints without having their defects.
The purpose of a definition is to introduce a new term which as
a rule is an abbreviation of some complex expression consisting
of terms already known to us. Both parts of the definition, the
defniensas well as the defniendun must fulfil certain conditions in
order to yield a well-formed definition. The following four conditions are necessary and sufficient for definitions of new funcas well as the
tions introduced into 6ur system: (a) The definiens
defniendumshould be propositional expressions. (D) The defniens
should consist of primitive terms or of terms already defined by
them. (c) The defniendumshould contain the new term introduced
by the definition. (d) Any free variable occurring in the defniens
t I usually denote alternation by l,
meaning in my syllogistic.

but this letter has already got another

rr ,tl l
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sfrrrrrltl ttccur in the defniendum,and vice versa' It is easily seen
f lr:rt, r:.g. CNpq as defniensand,Hpq as defniendumcomply with the
lorrr :rlxlve conditions.
l,<'t rrs now denote by P and R two expressionsthat fulfil the
r rrrrrlitions(o)-(d),so that one of them, it does not mattcr which'
rrr;rylrt: t.t.r, at the defniens,and the other-asthe defniendum'ltis
that neither-of them contains 6' I say that the asserted
*,,1,1,,,r.,,1
,'*j,i'.,rriot CSPSRrepresents a definition' For instance:
,tll. C6CNI)q6HPq
thc definition of alternation' According to 58 any
r'('l)r'(:s(:nts
,'*'1,,.'rri.r. containing CNpq may be- immediately transformed
in which CNpq is re-placed by Hpq' As
irrt',r rrnother .*p..rril.
principle of Duns Scotus:
the
take
cxirrrrplcr". *uy
,,q. C)pCNpq,
then
lirrrrr wlrich we can get the law CpHpq,i'e' in words: 'Ifp,
citlrt'r'p or q', by the following deduction:

xC59-6o
58.6lCP'
{h. CpHpq.
Clavius:
tl'wt: want to apply our definition to the principle of

$r. oCllPPP,
wc rrtttstfirst put p fot q in 58 getting thus:

58.qlPx6z
ti'l. (:,\CNPP6HPP
62. 6lC'PxC6r-63
(;'t. (;llppp.
( l ' i rl rrrrrl :t(i ? states: ' If ei ther I
or axior
' pr i rrri ti vr'yl roposi ti ons'
They rigb
I'ttttrtltirtA'lallumatica.
nI l ,rrrt' l ogy' ,l rsi t statesthat t o
'lt rt lt', ts to s:ty simply '1'. The principle ot lJuns Dcotus' Ior
lrhl,rrr r', ts ll()r l tautology in any reasonablesense')
whigh enablesus
'l 1,, , ,,ttv.'rs,' inrplicatiln of 58 C6HpqDCN?q,
first' We can
the
together.with
given
t:Npqit
lty
f f f r'lll,ri r ll1u1
rules of substitutionand detachment
1,', ,"1',,,,,l,','.l,',,*i,tgtrnly thi
:
theor
em
,
tl rr l r,l l ' \\' rtrl '11('
l l (' t' i tl
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(C) If P and R are any significant expressionsnot containing
E, and CEPDfiis asserted,then C6.RDP
must be aserted too.
The proof:
(D) CEP6R
(D) 6/CE'6Px(E)
(E) CC6P6PC6ft6P
(D) 6/CC6P6'CERDPx
(F)
(F) CCC5P6PC6ft6PCCEP6RC6^R6P

(F)xc(E)-c(D)-(G)
(G) C6ft6P.
If therefore P and R do not contain E, and one of them may be
interpreted as defniensand the other as defniendum,then it is clear
that any asserted expression of the form CEP6.R represents a
definition, as P may everywhere be replaced by R, and R by P,
and this is just the characteristic property of a definition.
$ ag. Thefour-ualued systemof modal logic
Every system of modal logic ought to include as a proper part
basic modal logic, i.e. ought to have among its theses both the
M-axioms CpMp, *CMpp, and *Mp, and the L-axioms CLpp,
*CpLp, and *NLp.It
is easily seen that both M and L are different from any of the four functors V, S, N, and F of the twovalued calculus. M cannot be V, for Mp is rejected-whereas
Vp : Cpp is asserted, it cannot be ,S, for CMpp is rejectedwhereas CSpp : Cp! is asserted, it cannot be either
"M or fl for
CpMp is asserted-whereas CpNp and CpFp : CpNCpp are rejected. The same is true for Z. The functors M and I have no
interpretation in two-valued logic. Hence any system of modal
logic must be many-valued.
There is yet another idea that leads to the same consequence.
If we accept with Aristotle that some future events, e.g. a seafight, are contingent, then a proposition about such events
enounced today can b'e neither true nor false, and therefore must
have a third truth-value different from r and o. On the basis of
this idea and by help of the matrix method with which I became
acquainted through Peirce and Schrcider I constructed in rgzo
a three-valued system of modal logic developed later in a paper
of l93o.I I see today that this system does not satisfy all our
!

Jan Lukasiewicz, 'O logice tr6jwarto6ciowej',

RuehFilozofuzn2, vol. v, Lw6w
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irrtrritions concerning modalities and should be replaced by the
$yst(:rndescribedbelow.
I rrrn of the opinion that in any modal logic the classicalcalculus
ol''ropositions should be preserved. Thil calculus has hitherto
rrlinifcisted solidity and usefulness,and should not be set aside
w i rfiou t weighty reasons. Fortunately enough the classical calculus
,,1'propositionshas not only a two-valued matrix, but also manyu,,i,,"d adequate matrices. I tried to apply to modal logic the
sirrrptcstmany-valued matrix adequate to the C-Jf-E-1-system,
i.r'. thc four-valued matrix, and succeeded in obtaining the
rk'sircd result.
As we have seen in $ 46, the matrix Mz whose elements are
prrirs of values r and o follows for "lVfrom the equality :
(z) N (a,b) :

(N a,Nb) .

'l'lrt: cxpression '(-1y'4,
general form
"MD)'is a particular caseof the
(,a, {6) where e and ( have as values the functors V, S, N, and F
,',1'thciwo-valued calculus. As each of the four values of e can be
t,rrnbined with each of the four values of (, we get 16 combinations. which define 16 functors of one argument of the fourvllrrccl calculus. I found among them two functors, either of
wf riclr may represent M. Here I shall define one of them, the
otht'r I shall discusslater.
(," ) M(a,b):

(S a, Vb) :

( a, Cbb) .

( )rr tlrc basisof (c) I got the m4trix M7 for M which I transformed
irrto the matrix MB by the same abbreviations as in $ 46, viz':
(,, r) ' - r, (I ,o) : z, ( o, r ) : 3, and ( o, o) : 6.
(r, , )
(t, o)
(o, ,)
(o, o)

( t, ,)
( t, t)
(o, t)
(o, t)

M7

MB

If :rvirrg tlrus got the matrix of M I chose C, N, and M as
( r ryro). .l;rn Lukasiewicz, 'Philosophische Bemerkungen zu mehrwertigen Systemen
,1,., ,\,rrs;rrl,.rrkalknls', ComplesRendusdzs Slanccsdc Ia Soci[E dcs Scicnecsct dcs ltttrcs
,h I unui c, vol . xxi i i , cl . 3 (I93o).
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primitive terms, and based my system of modal logic on the
following four axioms:

5r. C6pC6NpDq 4.CpMp

"5. CMpp

*7. Mp.

The rules ofinference are the rules of substitution and detachment for assertedand rejected expressions.
Zy' is introduced by a E-definition:
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syst(:mmust L/admitted by anyone who accepts the axioms and
llrr: rulcs of inference. No serious objection can be maintained
rrr-{rrinst
this system. We shall see that this system refutes all false
infi'rcnccs drawn in connexion with modal logic, explains the
rli(Iicultics of the Aristotelian modal syllogistic, and reveals some
rrnr:xpcctedlogical facts which are of the greatest importance for
philosophy.

64. C\NMNpBLp.
That means: 'NMNp' may be everywherereplaced by 'Lp', and
conversely'Lp'by'NMNp'.
The samesystemof modal logic can be establishedusing C,
"lf, and Z as primitive terms with the axioms:
*6. CpLp
*8. NLp,
5r. C6pC6Np6q g.CLpp
and the 8-definitionof M:
65. C6NLN/6M\.
M9 representsthe full adequatematrix of the system:
230
230

o

I

r33

3

I

2 r2

I

III

I

3
3

2
2
o
o

8 'ro. ,Macessitland thefour-ualued systemof modal logic
'I'wo major difficulties were stated at the end of Chapter VI :
thc first was connected with Aristotle's acceptance of asserted
:rpodeictic propositions, the secondwith his acceptance ofasserted
t:ontingent propositions. Let us solve the first difficulty.
ll'all analytic propositions are regarded as necessarily true,
thcn the most typical analytic proposition, the principle of
i<\<:ntityJxx, must also be regarded as necessarilytrue. This leads,
rrswe have seen,to the false consequencethat any two individuals
:rrc necessarilyidentical, if they are identical at all.
'I'his consequencecannot be derived from our system of modal
loeic, because it can be proved that in this system no apodeictic
proposition is true: As this proof is based on the law of extensionality CCpqCLpLq,we must first shor,vthat this law results from
our system.
A consequenceofaxiom 5r runs thus:

66. C6CpqC6pAq.
I hopd that after the explanations given above every reader will
be able to verify by this matrix any formula belonging to the
system, i.e. to prove assertedformulae, and to disprove rejected
ones.
It can be proved that the system is complete in the sensethat
every significant expression belonging to it is decidable, being
either asserted or rejected. It is also consistent, i.e. non-contradictory, in the sense fhat no significant expression is both
assertedand rejected. The set of axioms is independent.
I should like to emphasize that the axioms of the system are
perfectly evident. The axiom with 6 must be acknowledged by all
logicians who accept the classical calculus of propositions; the
axioms with M must also be accepted as true; the rules of inference are evident too. All correctly derived consequencesofthe

lirom 66 therefollowsby the substitution3lM'the formula:
67..CMCpqCMpMq,
;rrrclfrom 67 we get by CCpqMCpq,
a substitutionof axiom 4, and
lry tlre hypothetical syllogism the stronger M-law of extension:rlity:
te. CCpqCMpMq.
'f 'lrt: stronger L-law of extensionalityCCpqCLpZqis deducible
lirrm 19 by transposition.The problem left undecidedin $ 42,
whit:h interpretation of the Aristotelian laws of extensionality,
rlr(:strongeror the weakerone,shouldbe admitted,is thussolved
irr lavour of the stronger interpretation. The proof that no
:rporlcicticpropositionis true will now be given with full pre(:l sl on.

r70

THE SYSTE M O F M O DAL

LO G I C

$ So

N E C E S S I T Y A N D T H E FOU R - VAL U ED

SYSTEM

r7r

w(: !{ot LJxx : z, and CJx2CLJxxLJxT: CJryCzLJry. Jx)

The premisses:

*6. CpLp
rB. CCpqCLpLq
39. CCpCqrCqCpr
68. CCCpqrCqr.
The deduction:
68. rlCLpLqxCr8-69
69. CqCLpLq
n. plq, qllp, rlLqxC6g-7o
CLpCqLq
7o.
7o.!1", qlpxC*7r*6

*7t . L u .

The Greek variable ctrequires an explanation. The consequent of
7o, CqLq, which means the same as the rejected expression CpLp,
permits according to our rules the rejection of the antecedent Lp,
and any substitution ofZp. This, however, cannot be expressedby
*2r0, because from a rejected expression nothing can be got by
substitution; so, for instance, Mp is rejected, but MCpp-a
substitution of Mp-is
asserted. In order to express that the
antecedent of 7o is rejected for any argument of L, I employ Greek
letters calling them 'interpretation-variables' in opposition to
the 'substitution-variables' denoted by Latin letters. As the proposition d rr.ay be given any interpretation, *Zcr represents a
generdl law and means that any expression beginning with Z,
i.e, any apodeictic proposition, should be rejected.
This result, *Zcr, is confirmed by the matrix for Z which is
constructed from the matrices for "l/ and M according to the
definition of I. Anyone can recognize from a glance at M9 that
Z has only z and o as its truth-values, but never 1.
The problem of false consequencesresulting from the application of modal logic to the theory of identity is now easily solved.
As LJxx cannot be asserted,being an apodeictic proposition, it is
not possible to dcrive by detachment from the premiss:

Q) CJxyCLJxxLJry

$ 5,)

or

CLJxxCJx2LJx2

the consequence: (a) CJxltLJx2. It can be matrically proved
indeed that (l) must be asserted,giving always -r,but (u) should be
rejected. Since the principle of identity Jxx is true, i.e; Jxx : t,

rrury lrave one of
ll' ./x2 : r, then
,, .ifx2 : z, ,,
,, .7*) :3,
,,
,, .7*! : o, ,,

the four values, r, 2) 3, or
CJxTCzLJx2 : CfizLr :
CJx2CzLJxy : CzCzLz :
CJx2CzLJxy : C3CzLS :
CJx2CzLJx2 : CoCzI'o :

o:
CrCzz
CzCez
C3Czo
CoCzo

:
:
:
:

Crr
Czr
C33
CoJ

:
:
:
:

r,
r,
r,
r-

llr:ncc (t) is proved since the final result of its matrical reduction
is :rlw:rys r. On the contrary, (a) is disproved, because we have
lin' .'/xyt : r: CJxlLJxl : CtLt : Crz : z.
A pleasing and instructive example of the above difficulty has
lrccn given by W. V. Quine who asks what is wrong with the
li rllowing inference : I
(a) The Morning Star is necessarily identical with the
Morning Star;
(D) But the Evening Star is not necessarilyidentical with the
Morning Star (being merely identical with it in fact);
(c) But one and the same object cannot have contradictory
properties (cannot both be A and not be,4);
(d) Therefore the Morning Star and the Evening Star are
different objects.
(iivcn nry system the solution of this difficulty is very simple.
'l'lrc inlcrence is wrong, becausethe premisses(a) and (D) are not
I r rrc itncl cannot be asserted,so that the conclusion (/) cannot be
irrli'r'rr:clfrom (a) and (D) in spite of the fact that the implication
t;Qt){:(h)(d) is correct (the third premiss may be omitted being
tlrrr'). 'l'hc aforesaid implication can be proved in the followi rrg w :ty:
l,r'l r <l<:notethe Morning Star, andT the Evening Star; then
(,t) it l..'/xx, (r) ir NLl2x which is equivalent to NLJxy, as
irllrrtity is :t symmetriial relation, and (d) is NJx2. We get thus
f lrr li,r'rrrrrf:rOLJxxCNLJx2NJx2 which is a correct transformaItorr ol rl rt' tnrc thesi s(l ).
'l'lrr rxrrrnplt:given by
Q;rine can now be verified by our fourv' rfrrl rl trr;rl t' i xthus: i f ' x' ar'd'7' have t he sam e m eaning as
,
f rt= frrrr'thcn
r; hence LJxx : LJr l:
Lr : 2,
.fxx : Jrl :
| | f,'rrrr,l tlrrr t'xlrn;>lc in the mimeographed, Logic.lfotes, 16o, edited by the
$
lh l"u lri rrt 'l l)lrilrsoplry of the Canterbury University College (Christchurch,
N /, ), rrr,l rrrt to rnc lry ProfessorA. N. Prior,
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NLJxy : Nz : 3, and NJry : Nr : o, so that we have
according to CLJnxCNLJx2NJxT:CzC3o: Czz : r. The implication is true, but as not both its antecedentsare true, the conclusion may be false.
We shall seein the next chapterthat a similar difficulty was at
the bottom of a controversybetween Aristotle and his friends,
Theophrastusand Eudemus.The philosophicalimplications of
the important discovery that No apodeictic
proposition
is truewillbe
set forth in $ 62.
$ 5t. Twin possibilities
I mentionedi" $ +g that there are two functorseither of which
may representpossibility.One of them I denoted by M and
definedby the equality:
(a) M(a,b): (Sa,Vb): (a,Cbb),
the other I define by the equality:
(il W(a, b) : (Va,,Sr): (Caa,b),
denoting itby W which looks like an inverted M. According to
this definition the matrix of W is Mro, and can be abbreviated
to Mr l. Though I,1zis different from M it verifies axioms of the
same structure as M, becauseCpWp is proved by Mll, like
CpMp by MB, and *CWpp and *Wp are disprovedby Mrr, as
*CMpp and * Mp are by MB. I could have denoted the matrix of
Wby M.

Mro

Mrr

It can further be shown that the differencebetweenM and W
is not a real one, but merely resultsfrom a different notation. It
will be rememberedthat I got M3 from Mz by denotingthe pair
of values (r, o) by:, and (o, r) by 3. As this notation was quite
arbitrary, I could with equal justice denote Q, o) by 3, and
(o, r) by 2, or choose any other figures or signs. Let us then
exchangethe values z and 3 in Mg, writing everywhere3 for z,
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rurrl l fior.3.We get from M9 the matrix Mtz, and by rearrangenr('nt ol- the middle rows and columns of Mtz, 'the matrix MI3.

r23o
I

r2 3 o
rr33

o

I

2
z

o
o

3

I

J

I2I2

o

o

IIII

I

3
3

9

r23o

r32o

3

I

I

J-

2

r23o
II33

2

J

I2I2

I

I

2

o
o

o

J

o

IIII

I

2

I

r32o

3

I122

o
2

t

I3I3

o

IIII

I

o

I

J

2

3
o
3
o

Mr3

Mrz

I l'wc compare M9 with M r 3, we see that the matrices for C and
.M rt:main unchanged, but the matrices corresponding to M and
/, lrt:come different, so that I cannot denote them by M and L.
't'lrc matrix in Mr3 corresponding to.M in Mg is just the matrix
ol'tl/. NeverthelessMr3 is the same matrix as M9, merely written
irr ;rnother notation. I4l represents the same functor as M, and
rrrrrsthave the same properties as M. lf M denotespossibility, then
lll rlocs so too, and there can be no difference between these two
;rossibilities.
I n spite of their identity M and W behave differently when they
lxrttr occur in the same formula. They are like identical twins
wlro cannot be distinguished when met separately, but are
irrslantly recognized as two when seen together. To perceive this
fct rrs consider the expressionsMWp, WMp, MMp, and WWp,
It' M is identical wlth W, then those four expressions should be
irk'rrtical with each other too. But they are not identical. It can
lrr'proved by means of our matrices that the following formulae
;trc l tsscrted:
72. MW p

and

7Z. WM p,

li llrlt has as its truth-values only r or 2, and A[r as well as
lll t
r ; similarly Mp has as its truth-values only r or 3, and
lxth ll/r : r and W3 : r. On the other hand it can be proved
tl r:rt tl rt: l brmul ae:
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75. CWWpWp

are asserted, and as both Mp and Wp are rejected, MMp
WWp must be rejected too, so that we have:
*76. MMp
*77. WW!.
and

AN D TH E FOU R - VAL U ED

wc gct for ff the matrix

and

We cannot therefore, in 72 or 73, replace M by W or W by M,
becausewe should get a rejected formula from an assertedone.
The curious logical fact of twin possibilities (and of twin
necessitiesconnected with them), which hitherto has not been
observed by anybody, is another important discovery I owe to my
four-valued modal system. It is too subtle and requires too great
a development of formal logic to have been known to ancient
logicians. The existence of these twins will both account for
Aristotle's mistakes and difficulties in the theory of problematic
syllogisms, and justify his intuitive notions about contingency.
$ 52. Contingeru2and thefour-ualued systemof modal logic
We know already that the second major difficulty of Aristotle's
modal logic is connected with his supposing that some contingent
propositions were true. On the ground of the thesis:

52. CK6p6NpDq,
which is a transformationof our axiom 5r, we get the following
consequences:

52.6lM, plu, qlpxTB
78.CKMuMNaMp
78 'c* 79-*7
*7 9 . KMaMNa.
This means that 79 is rejected for any proposition cy,as d is here
an interpretation-variable. Consequently there exists no a that
would verify both of the propositions: 'It is possible that a' and
'It is possible that not a', i.e. there exists no true contingent proposition Tu, if Zp is deffned, with Aristotle, by the conjunction
of Mp and MNp, i.e. by:

Bo. CsKMpMNpDTp.
This result is confirmed by the matrix method. Accepting the
usual definition of Kpq:

u. CbNCpNqDKpq

g.;z CONTINGENCY

Forp:

Mt4,

r75

and we have:

tz KMpMNp:

,, f : 2:
r !: 3i
,, | : o:

SYSTEM

ss
,,
,,

KMrMNT : KtMo:

Kr3:3

: KMzMNz : KrM3: Kt3 : 3
: KM3MN3: K3Mz: K3r : 3
: KMoMNo: K3Mr : K3t : 3-

Wc see that the conjunction KMpMNp has the constant value 3,
rrrrd is therefore never true. Hence TP : 3, i.e. there exists no
t ruo contingent proposition in the sensegiven by definition Bo.
Aristotle, however, thinks that the propositions 'It is possible
th:rt there will be a sea-fight tomorrow' and 'It is possible that
tlrcre will not be a sea-fight tomorrow'may both be true today.
'['hus, according to his idea of contingency, there may be true
contingent propositions.
'fhcrc are two ways of avoiding this contradiction between
Aristotle's view and our system of modal logic: we must either
rlcny that any propositions are both contingent and true, or
rnodify the Aristotelian definition of contingency. I choose the
sr'<rondway, making use of the twin types of possibility discovered
:rbove.
'l'ossing a coin we may throw either a head or a tail; in other
words, it is possibleto throw a head, and it is possiblenot to throw
:r hcad. We are inclined to regard both propositions as true. But
tlrt:y cannot be both true, if the first'possible'is denoted by the
sarnc functor as the second. The first possibility is just the same
rrs tlrc sccond, but it does not follow that it should be denoted
irr tlrc same way. The possibility of throwing a head is different
li'orn thc possibility of not throwing a head. We may denote the
rrrrt'lry M, and the other by W. The proposition with the affirmativt' :rrgtrmcnt 'It is possible that p' may be translated by Mp, the
proposition with the negative argument'It is possiblethat not/'
lry ll'.N1t;or thc first by Wp, and the second by MNp. We get thus
tlv,r lirrrrtols ol'contingency, say X and I defined as follows :

||'t. t:tA'/lfltwMpSxp and

w. c\KwpMNfirp.

ll i:r irrrpossilrk:to translate thesedefinitions into words, as we
Ir,r\'r'rr,r n;rnr('slirr thc two kinds of possibility and contingency.
f ,r't rrs r,rlf tlrcrn 'M-possible' and 'W-possible', 'X-contingent'
.
.rrrrl ' l -r' orrti rrgt' rrt'We
m ay t hen r oughly say t hat 'p is X- con-
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means 'p is M-possible and Np is W-possible',and .r' is
lingent'
-2'-contingent'
means,p is W-possibleind Npis M_porriUte.'
From definitionsBz and 83 we can derive the matrices
ofx
and T. We get:
Fo r P : 1 i
Xt : 61e1r147*, :
Fo r p : 2 1
Xz: KMzWNz:
Fo r P : j :
KM3WN3:
^FX
oS
r p: : 6 ;
Xo : 6114o147yo:

KtWo:

Krz :

z; Tr :

KW:ITINT :

KrIVo :

Kry:

3.

KtW3 :

Kr r :

t; T z:

KWzM Nz :

K zM3:

K q:

o.

K3 Wz:

K3 z:

o; T3:

KW3 M N3:

K tMz:

K rt :

t.

KJW| :

K3r : 3; fo:

KWoMNo:

KzMt

Kzt :

z.

:

Irz (j ON TIN GE N CY AND THE FO UR_VALUED SYSTEM r 77,
tingt:nt. The negation of an X_contingent proposition
is a
?-lt:rntingent proposition, and .orrrr.rrJy th,
u
7'-..ntingent proposition is an X-contingent propoiition.
"lgutio"
"f
This
s'rrnds like a paradox, because we are accustomed
to think tJrat,
wlr^t is not-contingent is either impossibre or necessary,
r.tuii.rg
tlrr: impossible and the necessaryto the same kind
of iossibility.
lirt it is not true to say that, what is notx-contingent
is'eithe;/4irnpossibleor M-necessary; it should rather be
said that, what is
rrot X-contingent is
M-impossible or W_necessary,arrd
.either
th.t being either M-impossible
oi t4z_.r...rrary is equivui.rrt to
lrr.ing /-contingent.
'I'he same
misunderstanding lies at the bottom of the controvt:rsy about the thesis:

88. CKMpMqMKfq
whichis asserted
in our system.c. I. Lewisin someof hismodar

Mr5

84. XKWpWNp

and

(y) X! : rMp : Nrp'

systcmsacceptsthe formula:
TIq. CMKPqKMPMq,

85. f KMpMNp.

and

@) rp : XNp : NXp.

The lawsofcontradictionand of the excludedmiddreare
true for
Xp and Tp, i.e. we have:

86.NKXprp

and

87.Hxprp.

This means: no proposition can be both X-contingent
and f_con_
trngent, and any proposition is either X_contingent
or f-con_

lrrrt rejectsits converse,i.e. BB,by the following argument:r ,If
it
is pcrssible
thatp and 4 are both'true, thenp i-spo-ssible
and 4 is
p.ssible.This implication is not reversibte.po, .*u*pl.,
ii i,
;xrssiblethat the reader will seethis at once. It is also possibre
that he will not seeit at once.But it is not possiblethaihe
will
lxrth scc it at once and not seeit at once.'Th" pa.r,r^iu.rr.r,
of
llris argument is illusory. What meant by ,the reader,?
is
Iia;
i'<lividual reader,say l?, is meant, then R either will
seethis ai
on(:(',or R will not seethis at once.fn the first case
the first pre_
rtiss 'It is possiblethat R will seethis at once' is true;
but the
$r'r:orr<l
prcmiss is false, and how can a false proporiCo" l.
P.ssilrlytrrrc?In the secondcasethe secondp..*irri, ,*., U"i
lirst is falsc,and afalse proposition.urrrrotbe possibly
.tl.r.
i.ue.
'l'lrr' rw,
P*:missesof the formuia BBare not both irouuui., unJ
tlrc li rrrrrrrlrr
t::rnnotbe refutedin thiswav.
,rtr4.rirr
'thc reader'somereaderis meant, then the prelry
.ll
rtti*r's'I r is 1xrssiblc
that somereaderwill seethisat once,urrd,It
tr ;r,*ilrl. rlr:rrs.rnt:rcaderwiil not seethis at once'
may be both
It rrr', lrrrr irr rlris clrscthe concrusion'It is possibre
tirat some
| ( i l. f ,r.*,rr
lrrrl ( j. I I Langford, SymbolicLogic,New york and London
(r93r),

"''1"1;,

N
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reader will see this at once and some reader will not see this at
once' is obviously also true. It is, of course, not the same reader
who will see this and not see this at once. The example given by
Lewis does not refute formula BB; on the contrary it supports its
correctness.
It seems, however, that this example has not been properly
chosen. By the addition of the words 'at once' the premisses have
lost the character of contingency. Saying that the reader will see
this, or not, 'at once', we refer to something which is decided at
the moment of seeing. The true contingent refcrs to undecided
events. Let us take the example with the coin which is of the same
sort as Aristotle's example with the sea-fight. Both examples concern events that are undecided at present, but will be decided in
the future. Hence the premisses 'It is possible to throw a head'
and 'It is possible not to throw a head' may at present be both
true, whereas the conclusion 'It is possible to throw a head and
not to throw a head' is never true. We know, however, that contingency cannot be defined by the conjunction of Mp and MNp,
but either by Mp and WNp or by Wp and MNp, so that the
example quoted above does not fall under the thesisBB. It cannot
therefore disprove it. This was not known to Lewis and the other
logicians, and on the basis of a wrong conception of contingency
they have rejected the discussedthesis.

| 59. Sonefurther poblcms
Although the axioms and the rules of inference of our fourvalued system of modal logic are perfectly evident, some consequences of the system may look paradoxical. We have already
met the paradoxical thesis tJrat the negation of a contingent
proposition is also contingent; as another thesisof this kind I may
quote the law of 'double contingency' according to which the
following formulae are true:

and ,o gr. QpTTp.
The problem is to find some interpretation of these formulae
which will be intuitively satisfactoryand will explain away their
apparent oddness.When the classicalcalculus of propositions
was only recentlyknown there was heatedoppositionto someof
its principles too, chiefly to CpCqpand CpCNpq,which embody
two logical laws known to medievallogiciansand formulatedby

$:,:I
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tlrcm in the words: Verumsequiturad quodlibetand Ad falsum
scquiturquodlibet.
So far as I see,theseprinciples are now univcrsallyacknowledged.
At any rate our modal systemis not in a worsepositionin this
rospectthan other systemsof modal logic. Someof them contain
suchnon-intuitive formulae, as:
+sz.
QMNMpNMp
wherea problematicproposition'It is possiblethatl is impossible'
is cquivalentto an apodeicticproposition'It is impossiblethatp'.
Instead of this odd formula which has to be rejected we have in
our systemthe thesis:
y. QMNM1MNq which together with

s+. QMMpMp
r:nablesus to reduceall combinationsof modal functorsconsisting
of M and "lifto four irreducible combinationsknown to Aristotle,
viz. M : possible, NM : impossible, MN : non-necessary,
lncl NMN:
necessary.
'l'he secondproblem concernsthe extensionof the four-valued
modal logic into higher systems.The eight-valuedsystemmay
s(:rveas an example.We get the matrix Mr6 of this systemby
multiplying the matrix Mg by the matrix Mr. As elementsof the
rrcw matrix we form the pairs of values: Q, r) : r, (r,o) : z,
:5, $,o):6,(o,r):7,(o,o):
(r, r) : 3,Q,o):4i(3,I)
o,
irrrd thcn we determine the truth-values of C, N, and M accordirrg to the equalities(i, k), and'(cr).
C r2S456Zo
M
I

2

3
4

9o. QpXXp

6
7
o

rz J 4 5 6 Z o
rr3 3 5 5 7 7
r2 r2 S 6 S 6
rrrr5 5 5 5
r2 3 4 r2 3 4
rr3 3 rr3 3

I
I

5
4
3
q

I2I2I2I2
IIIIIIII

3
3
5
5
7

I

Mr6
lrigrn'rr rlcnotcs,asusually,truth;o falsity;and the otherfigures
iu'e irrtclrrrcrliirtt:values between truth and falsitv. If we
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attentively consider the matrix Mr6 we shall find that the second
row of C isidenticalwith the column of M. This row consequently
representsthe matrix of possibility. In the same way all the other
rows of C, except the first and the last, represent some kinds of
possibility. If we denote them by Mrto Mr, we can state that
Mrfor z ( i ( 7 satisfiesall the axioms of possibility, viz.

gS.CpMt?,

*96. CMnpp,

*g7. M#.

Among these different kinds of possibility there are some
'stronger' and 'weaker'; becausewe have, for instance, CMzpM4p
or CMrpMup,but not conversely. We may say therefore that in
eight-valued modal logic there exist possibilities of different
degrees.f have always thought that only two modal systems are
of possible philosophic and scientific importance: the simplest
modal system, in which possibility is regarded as havin[ no
degrees at all, that is our four-valued modal system,and the N,valued system in which there exist infinitely many degrees of
possibility. It would be interesring to investigate this problem
further, as we may find here a link between modal logic and the
theory of probability.

CHAPTER

A RI S T O T L E ' S

VIII

MOD AL

SYL L OGIST IC

Anrsrorrn's modal syllogistic has, in my opinion, lessimportance
irr r:omparison with his assertoric syllogistic or his contributions
to propositional modal logic. This system looks like a logical
cxcrcisc which in spite of its seeming subtlety is full of careless
rrrist:rkesand does not have any useful application to scientific
prrrlllcms. Nevertheless two controversial questions of this syllogistic are worth studying, chiefly for historical reasons: the
rlrrcstion of syllogisms with one assertoric and one apodeictic
prt:rniss,and the question ofsyllogisms with contingent premisses.
\ ,,4. Moods with two apodeicticpremisses
Aristotle deals with modal syllogisms after the pattern of his
;rssr:rtoricsyllogistic. The syllogisms are divided into figures and
rrurods,some moods are accepted as perfect and these need no
proof as being selfevident, the imperfect moods are prtlved by
corrvcrsion, reductioad absurdum,or by 'ecthesis', as it is called.
'l'lrr: invalid moods are rejected by interpretation through con( l'('tc terms. It is strange that with one exception Aristotle makes
n() usc of his theorems of propositional modal logic. We shall see
tlr;rt this would yield in several casesbetter and simpler proofs
llrrrrrthosegiven by him.
'l'lrr: laws of conversion for 'apodeictic propositions are anaLrgorrs to those for assertoric ones. The following theses are
;rt'r:orclinglytrue: 'If it is necessarythat no D should be an a, it is
rf('( ('ss:rrythat no a should be a b', in symbols :
\tl. OLIibaLEab,
rrrrrl ' l l ' i t i s nccessarythat e ver y D or som e D should be an a, it is
f rr'{('$s,u'ytlrlt some a should be a b', in symbols:
ry1. (;l,tlhul,lab
and
rco. CLIbaLIab.l
'l'lrr'

lrror'lsgivcn by Aristotle are not satisfactory.2He did not see

| ,ln
l) t,y tl
l l l l t,r
( ll
'

,r'iu2() ei piv ydp dvdyxrl ti A rQ B pqievi JndpTev, dvdyxq xai i
ln I t,
ytlh,ri i'n,i1yeo. -32
ci Di i( ivdyxls rd A ncvrii
nvi tQ B Jtdplgc, xoi
J t
,4 ,i t,i 1,x '1 i nr i py ew .
'pt
r \ l L,r hr r , l r x . c i t., p. go.
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that the laws 98-roo may be immediately deduced from the
analogous laws of the assertoric syllogistic by means of the
theorem:
tB. CCpqCLpLq.
For instance,from r B, by putting Eba for p and Eab for q, we get
the assertoriclaw of conversionin the antecedent,hence we can
detach the consequent,i.e. law gB.
Syllogisms with two apodeictic premissesare, according to
Aristotle, identical with assertoricsyllogisms,except that the sign
of necessitymust be added to the premisses
aswell as to the conclusion.ITheformula for the moodBarbarawill accordinglyrun:
ror. CKLAbaLAcbLAca.
Aristotle tacitly acceptsthat the moodsof the first figure are perfect and need not be proved. The moods of the other figures,
which are imperfect, should be proved according to the proofs
of assertoricsyllogismsexcept Baroco and Bocardo, which are
proved in the assertoricsyllogistic by reductioad absurdum,and
should here be proved by ecthesis.zOnce again, for all these
proofsit would be easierto use theorem rB, as will appear from
the following example.
By meansof the laws of exportationand importation, CCKpqrCpCqrand CCpCqrCKpqr,
it can be shown that 15, the assertoric
mood Barbara, is equivalentto the formula:
tot CAbaCAcbAca.
This purely implicational form is more convenient for deriving
consequences
than the conjunctional form. According to the
thesis3 CLppwehave:
to3. CLAbaAba,
and from lo3 and ro2 we get by the hypotheticalsyllogism:
rc4. CLAbaCAcbAca.,',
On the other hand we have as substitutionof lB:
I An. pr, i. B, 29b35 ini piv oiv fiv dvayxalov oTe}dv ipotos iler xoi ini niv
JaapTivruv' <ioaltas yd.pn|epivav tdv 6pav Ev te rQ Jrd.pTev xai t,i i( dvdyxqs
indpycw l pl Jndppw Eotor te xai oix Eorat ou\Aoyopds, nAip Stoioct tQ npooxeio0ae rois 6poc td d! ,ivtiyxtls Sndpyew i pi1 i'ndpyu.
2 lbid. 3 o " 3 - r 4 .

$:,4
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t o5. CCAcbAcaCLAcbLAca,
irn<llrom ro4 and ro5 there follows the consequence:
ut6. CLAbaCLAcbLAca,
which is equivalent to ror. All the other syllogistic moods with
two apodeictic premissescan be proved in the same way without
rrr:wnxioms, laws ofconversion, reductioad absurdum,or arguments
lry ccthesis.
\ ,r,'. Moods with oneapodeiaic and oneassertoricpremissl
Syllogistic moods of the first figure with one apodeictic and one
rrsscrtoric premiss are treated by Aristotle differently according
to which premiss, the major or the minor, is apodeictic. He says
that when the major is apodeictic and the minor assertoric we
l{(:t :rn apodcictic conclusion, but when the minor is apodeictic and
thr: major assertoric we can have only an assertoric conclusion.2
'l'lris difl'crence will be made clear by the following examples
of
t lrr:mood Barbara. Aristotle assertsthe syllogism : 'If it is necessary
tlrrrt cvcry D should be an a, then if every c is a b, it is necessary
tlrrrt cvcry c should be an a.' He rejects, however, the syllogism:
'f f't:vcry D is an a, then if it is necessarythat every c should be a b,
it is ncccssary that every r should be an a.' In symbols:
(e) CLAbaCAcbLAca
(() CAbaCLAcbLAca

is asserted,
is rejected.

Aristotle considers the syllogism (e) as self-evident. He says:
'Sirr<:r'cvcry b is necessarily an a or not an a,, and c is one of the
/'s, it is cvident (Sav<pdv)that c too will be necessarily an a or
n()t ;rn a.'r For reasons that will be explained later it is difficult
lo slrow this by examples. But the following picture will perhaps
rrr;rkr' tlrr: syllogism (e) more acceptable to intuition. Let us
| ( ll,
,1. l,rrkasit:wicz, 'On a Controversial Problem of Aristotle's Modal Syllogi ;tr', l turi ni nn.l tudi es, vol . vi i (r 954), pp. rr4-z B .
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imagine that the"expression LAba means: 'Every D is connected
by a wire with an a.' Hence it is evident that also every c (since
every c is a 6) is connected by a wire with an a, i.e. LAca. For
whatever is true in some way of every 6, is also true in the same
way of every c, if every c is a D.The evidence of the last proposition
is beyond any doubt.
We know, however, from Alexander that the evidence of the
syllogism (e) which Aristotle asserted, was not convincing enough
for his friends who were pupils of Theophrastus and Eudemus.r
As opposed to Aristotle, they held the doctrine that if either premiss is assertoric the conclusion must be so, just as if either premiss is negative the conclusion must be so and if either premiss is
particular the conclusion must be so, according to a general rule
formulated later by the scholastics: Peioremsequitur semperconclusio partem.
This argument can be easily refuted. The syllogism (e) is
deductively equivalent to the problematic mood Bocardo of the
third figure: 'If it is possible that some c should not be an d, then
if every c is a b, it is possible that some l should not be an a.' ln
symbols:
Q) CMOcaCAcbMOba.
Syllogism (r7)is as evident as (e). Its evidence can be illustrated
by examples. Let us supposethat a box contains ballots numbered
from r to 9o, and let c mean 'number drawn from the box', b
'everl number drawn from the box', and a 'number divisible by
3'. We assumethat in a certain casefive even numbers have been
drawn from the box, so that the premiss: 'Every number drawn
from the box is an even number drawn from the box', i.e. Acb, is
factually true. From this we can safely infer that, if it is possible
in our case that some number drawn from the box should not be
divisible by 3, i.e. MOca, it is also possible in our case that some
eaennumber drawn frgm the box should not be divisible by 3,
i.e. MOba.
Aristotle accepts the syllogism (r7) and proves it by a reductio
I Commenting on the passagequoted in n, z, p, r83, Alexander says tz4. B o{nos
ltiv oitas Alyet, oi 3i ye itatpot tJroi oi *pi Ei61p6, te xoi 6e6$pootov oix oJras
A(yovor, dAAd$oov iv ndoats rais i( dvayxa(,agre xti itapyotiotls ovluyiats, idv
,ioc ovyxeipevat ovAAoytntxds, indpyov yivco|at rd ovpntpaopa . . . t7 tQ E\anov
elvat td irdpyov roi &vayxaiou.
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ad absurdumfrom the syllogism (e).I He does not, however, deduce
(e) from ('7), though he certainly knew that this could be done.
Alcxander saw this point and explicitly proves (e) from ('r) by
"
rcductioad absurdumsaying that this argument should be held as
tlrc soundestproof in favour ofAristotle's doctrine.2 As according
to him Aristotle's friends accept the syllogism (21)which fulfils
p<:ioremrule, and (e) is deducible from (a), they cannot reject (e)
on thc ground of this rule, which becomes false when applied to
rnodalities.
We shall see in the next Section that there was yet another
argument raised by Theophrastus and Eudemus against syllogism
(e) which could not be refuted by Alexander, as it stands or falls
with an Aristotelian argument. In spite ofAlexander's talk about
tlrc 'soundest proof 'one feels that some doubt is left in his mind,
ftrr hc finally remarks after having presented several arguments
in support of Aristotle's opinion, of which the argument quoted
tbovc is the last, that he has shown with greater rigour in other
works which of those arguments are sound and which are not.3
Alcxander is referring here to his work 'On the Disagreement
concerning Mixed Moods between Aristotle and his Friends',
:rnrl to his 'Logical Scholia'.+ (Jnfortunately both works are lost.
Our times have seen a revival of this controversy. Sir David
I{oss, commenting on syllogism (<) and its proof from syllogism
(ri), statesdecidedly:s 'Yet Aristotle's doctrine is plainly wrong.
l'irr what he is seeking to show is that the premissesprove not only
lhat all C is A, but also that'it is necessarily A, just as all B is
I An. pr. i. z I,
yd.p i ptv B navri rit T, i 6i A iv6cydo0a wi
39b33-39 inapxiro
rQ I' pil in,ipycw'
6l td A iv6lyeo0at nvi rQ B pi in,ipyew. ei yd.p nawi rQ
'ivtiyxq
Il i A inip16c i( d.vdyxqs, rd 3i B novi rQ f xeher ind.pyeu, td A novri r.i f i(
,iliyxls
yd.p 6l6errrcr
npirepov.
d\l'
it&etto
twi dv6iyeo0oc pi1
indp{et'
roito
,,lrrip1q111,.
6t
' Afrx:rnder says, commenting on syllogism (e), tz7. g Zorr 62 nntcitoao|a4
r'l lty,ilrrruiv itd Aprcror(Aous riTtis iotr, pd.Ante Drti rfs eig ,i}rirotov d.ndyayfis tfis
ytt,,y,lr',1s ,'v rphq olqfpote . . . tz iv ydp tfi tonrhV ou{vyig tfi i, rptnp olgfipan xai
)lpor,,riMt
boxri rci rois dreipocs oitoA ini pipos dv\eT6poov d.no$anxdv yiveo|at
1'l s uy n/y r o1tu.
I Afcx;rrrrlcr tz7. t4 toooJro$
xai rorcdrors dy zrs yprioano tepeord.pcvos rfi
ntt,l t,t'rttr )lprcrotilous
6,!'ft1, 4 6i roirov
i"y6s i pi i1/.As Aiyeo|u Eoxei dr
rl\l,rr1 ri1r,',, ,is i,l,r1r, perd d.xptpei,oseipqrau
' I f re f rtle rrl tlrc first work reads (Alexander rz5. 3o): Ilepiofis xaad.tds pl(ec
,1,,,,/,,,1,,r
r if 1r,, r , ' r .',lous re xoi ritv dratpav ariroO. Cf. Alexander 249. 38-25o. e, whqre
8r,r,y'r,r'r',rrrr rrrr rl irrstr';r<lof Erc{opds, and the other work is cited as 27$trn Aoyuri.
" W . l r . l ( or r , k x . r i t., p, 43.
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necessarilyA, i.e. by a permanent necessityof its own nature;
while what they do show is only that so long as all C is B, it is A,
not by a permanentnecessityof its own nature, but by a temporary necessityarising from its temporary sharing in the nature
of B.'
This argument is a metaphysicalone, as the terms 'nature of
a thing' and 'permanentnecessityof its nature' belong to metaphysics. But behind this metaphysical terminology a logical
problem is hidden which can be solvedby our four-valuedmodal
logic. Let us now turn to the syllogismrejectedby Aristotle.
186

premiss
andlne assertoric
moodswith oneapodefutic
$ 56. Rejected
Syllogism(() is as evident as syllogism(e). It is strangethat
Aristotle rejectsthe syllogism
(() CAbaCLAcbLAca,
though it is clear that this syllogismis on the samefooting as the
assertedsyllogism(e). In order to showits evidencelet us employ
the samepicture asbefore. If LAcbmeansthat everyc is connected
by a wire with a D,and every Dis an a, i.e. Aba,it is evidentthat
everyc is connectedby a wire with an a, i.e. LAca. Speaking
generally, if every 6 is an a, then if every c is connectedwith a D
in any way whatever,it must be connectedwith an a injust the
sameway. This seemsto be obvious.
The"most convincing argument that syllogism (() is sound
results from its deductive equivalence with the problematic
mood Baroco of the secondfigure :
(0) CAbaCMOcaMOcb,in words:
'If every D is an a, then if it is possiblethat somet shouldnot be
an a,it is possiblethat somec shouldnot be a 6.'This can be
illustrated by an example.Let us turn to our box from which five
numbers have been dra'fon, and let us supposethat every even
number drawn from the box (6) is divisible by Z @), i.e. Aba.
From this factual truth we can safely infer that, if it is possible
that somenumber drawn from the box (c) should not be divisible
by 3, i.e. MOca, it is also possiblethat somenumber drawn from
the box should not be aneaennumber, i.e. MOcb.This syllogism
seemsto be perfectly evident. In spite of its seemingso Aristotle
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<lisprovessyllogism ((), fint by a purely logical argument which
will be considered later, and then by the following example:
f ,ct c mean 'man', b 'animal', and a 'being in movement'. He
.rcceptsthat the proposition 'Every man is an animal' is necessrrrily true, i.e. LAcb; but it is not necessarythat every animal
should be in movement, this may be only accepted as a factual
trtrth, i.e. Aba, and so it is not n€cessarythat every man should
bc in movement, i.e. LAca is not true.r
Aristotle's example is not convincing enough, as we cannot
admit as a factual truth that every animal is in movement. A
bctter example is provided by our box. Let c mean 'number
drawn from the box and divisible by 4', b 'even number drawn
lrom the box', and a 'divisible by 3'. Aristotle would agree that
the proposition 'Every number drawn from the box and divisible
by 4 is an even number drawn from the box' is a necessary truth,
i.c. LAcb, while the premiss 'Every even number drawn from the
box is divisible by 3' can be only accepted as a factual truth, i.e.
Aba, and the conclusion 'Every numher drawn from the box and
divisible by 4 is divisible by 3' is also only a factual truth, i.e.
Aca, and not LAca. The 'nature' of a number drawn from the box
:rnd divisible by 4 does not involve any 'permanent necessity'for
it to be divisible by 3.
It would seem, therefore, that Aristotle is right in rejecting
syllogism ((). The matter, however, becomes complicated, for it
can be shown that just the same argument can be raised against

syllogism
(e) CLAbaCAcbLAca.
'fhis was seen by Theophrastus and Eudemus who refute (e)
using in another order the same terms which were applied by
Aristotle for disproving ((). Let b mean 'man', d-'animal', and
r-'being in movement'. They agree with Aristotle that the proposition 'Every man is an animal' is necessarily true, i.e. LAba,
ltnd they accept as factually true that 'Everything in movement
is :r man', i.e. Acb. The premissesof (e) are thus verified, but it is
obvious that the conclusion 'Everything in movement is an
:rnimal', i.e. Aca, is not necessarily true.z This example is as
I An.
ltr. i. g, 3o'28 En xai tx r6v 6pov Savepdv 6tc oix Eotan rd opnipaopa
,itayxatov, otov ei td piv A eitl xivqots, rd 6i B (Qov, d{'<! 6a rri I dv|panos' {Qov
ylv ydp 6 dv|panos i{ d.wiyxqs doti, xwettan 6i td {,iov oir 2( dvdyxls, oJ6' 6 dv0punos.
I Alt:xandcr
l z4.z I ril)ri xai ?zi rfs rills EewvJouor toAro EXovoinas , . . z4 td yi.p
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unconvincing as the corresponding one in Aristotle, for we cannot admit that the premiss Acb is factually true.
We can give a better example from our box. Let 6 mean 'number divisible by 6', 4-'nqslbs1 divisible by 3', 4nd 6-'sysn
number drawn from the box'. Aristotle would accept that the
proposition 'Every number divisible by 6 is divisible by 3' is
necessarilytrue, i.e. LAba,but it can be only factually true that
'Every even number drawn from the box is divisible by 6', i.e.
Acb, and so it is only factually true that 'Every even number
drawn from the box is divisible by 3', i.e. Aca. The propositions
Acb and Aca are clearly equivalent to each other, and if one of
them is only factually true, then the other cannot be necessarily
true.
The controversy between Aristotle and Theophrastus about
moods with one apodeictic and one assertoric premiss has led us
to a paradoxical situation: there are apparently equally strong
arguments for and against the syllogisms (e) and ((). The controversy shown by the example of the mood Barbara can be
extended to all other moods of this kind. This points to an error
that lurks in the very foundations of modal logic, and has its
source in a false conception ofnecessity.
$ 57. Solutionof the controuers2
The paradoxical situation expounded above is quite analogous
to the.difficulties we have met in the application of modal logic
to the theory of identity. On the one hand, the syllogisms in
question are not only self-evident, but can be demonstrated in
our systemof modal logic. I give here a full proof of the syllogisms
(e) and ({) based among others on the stronger L-law of extensionality known to Aristotle.
The premisses:

3.c L p p

fi. CCpqCLpLq
24. CCpqCCqrCpr
gg. CCpCqrCqCpr
toz. CAbaCAcbAca.
(Qov novti d.v|p<iny i(
(Qov rovrL xcvovp(v<p i(

,ivriyxrls, 6 dv9ponos
dvdyxrls.
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rB . pl A ba, qfAcaxr oT
rc7. CCAbaAcaCLAbaLAca
gg. plAba, qfAcb, rf Acax Ctoz-ro8
rc9. CAcbCAbaAca
24. pl Acb, qlCAbaAca,rlCLAbaLAcax CroB-Cro7-ro9
rcg. CAcbCLAbaLAca
33. plAcb, qlLAba, rlLAcax Crog-r ro
(.)
rrc. CLAbaCAcbLAca
rB . pl A cb, ql Acaxt r r
t r r. CCAcbAcaCLAcbLAca
24. pl A ba, ql CAcbAca,r lCLAcbLAcaxCr oz- Cr r r - r r 2
(().
tlz. CAbaCLAcbLAca
We see that the syllogisms (e) and (() denoted here by r ro and
r12) are assertedexpressionsof our modal logic.
On the other hand, we get the thesis r 13 from r ro by the substitution bfa, and the thesis r14 from rrz by the substitution blc
and commutation of the antecedents:
try. CLAaaCAcaLAca

rt4. CLAccCAcaLAca.

Both theseshave in the consequent the expression CAcaLAca,i.e.
the proposition 'If every c is an a, then it is necessarythat every c
should be an a'. If this proposition were asserted, all true universally-affirmative propositions would be necessarilytrue which
is contrary to intuition. Moreover, as CAcaLAcais equivalent to
CNLAcaNAca, and Aca rneans the same as NOca, we should have
C.NLNOcaNltrOca or CMOcaOca. This last proposition which
mcans 'If it is possible that some c should not be an a, then some
c is not an a' is not true, for it is certainly possible that a number
drawn from the box should not be even ; so that, if the proposition
is true, every set of drawings would contain an odd number:r rcsult plainly contrary to the facts.
The expression CAcaLAca must be therefore rejected, and
w c get:
* rr5. C A caLA ca,

navrl

xwoup(va

inepyira'

oJx,irc rd

from which there follows according to our rules for rejected
t:xJrrcssionsthe consequence:
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rr3. xC*rrG-*rr5
*tr6. LAaa.
The apodeicticAristotelian law of identity must be rejected
like the apodeicticprinciple ofidentity LJxx.This is conformable
to our general view according to which no apodeictic proposition
is true. The consequentof t t 3, i.e. CAcaLAca,
cannotbe detached,
and the incompatibilitybetweenthe acceptanceof true apodeictic
propositions and the assertion of the stronger L-law of extensionalityis solvedin favour of the law of extensionality.I do not
believe that any other systemof modal logic could satisfactorily
solvethis ancient controversy.
I mentioned earlier that Aristotle tries to refute the syllogism
(() not only by examples,but alsoby a purely logical argument.
Asserting that the premissesAba and LAcb do not give an apodeictic conclusionhe says: 'If the conclusionwere necessary,
there would follow from it by a syllogismof the first or the third
figure that someD is necessarilyan a; but this is false,because
b may be such that possiblyno Dis an o." Aristotle refershere to
the apodeicticmoodsDarii and Darapti, sincefrom (() combined
with either of these moods we can derive the consequence
CAbaCLAcbLIba.The proof from Darapti runs :
r 17. CCpCqrCCrCqsCpCqs
rlz. CAbaCLAcbLAca (0
ttB. CLAcaCLAcbLIba (Darapti)
o
,r7. plAba,qlLAcb,rlLAia, slLlbaxCrn-CtrB-I rg
try. CAbaCLAcbLIba.
The proof from Darii gives the same consequence,but is more
complicated. Aristotle seemsto disregard the premissLAcb, and
interpretsthis consequence
as a simple implication:
*rzo. CAbaLIba,
which is obviously false,and must be rejected.Or perhaps he
thought that LAcb could be made true.by a suitable substitution
for c and dropped. If so he was wrong and his proof is a failure.
We seebesidesby this example how difficult it is to confirm the
validity of suchtheses,as I Ig, I I2, or r to, through termsyielding
I An. pr. i. g,
3ooz5 (continuation ofn. z, p. rB3) ei Trip Eott, oupBfioerar rd A
nvi rQ B indpyecv d( d,vd.yxt1s
6rd re toa rp<itrou xci 6rd ro0 rpirou oytipatos. toOro 5d
,!ei6os"iv6{6tat
yd.p rorcAtov elvor td B Qt lyTupet 16 A pqtev| indpyecv.
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some would-be true apodeictic premisses. As many logicians
believe that such propositions are really true, it is impossible to
convince them of the validity of those syllogisms by examples.
Concluding this discussion we may say that Aristotle is right
in asserting (e), but wrong in rejecting ({). Theophrastus and
Eudemus are wrong in both ways.
$ 58. Moods with possiblepremisses
The Aristotelian theory of problematic syllogisms displays a
very strange gap: moods with possible premisses are entirely
neglectcd in favour of moods with contingent premisses.According to Sir David Ross, 'Aristotle always takes iz6iXeracin apremiss
as meaning "is neither irnpossiblenor necessary"; where the only
valid conclusiozis one in which ?rEtyerat means "is notimpossible",
he is as a rule careful to point this out'.r Aristotle, indeed, seems
to be careful to distinguish the two meanings of du8dxeogcr,r.
when
he says,expounding for instance the moods with two problematic
premisses of the first figure, that tv}(yeodor in these moods should
bc understood according to the definition he has given, i.e. as
'contingent', and not in the senseof 'possible'. He adds, however,
that this is sometimes overlooked.z Who may have overlooked
this ? Aristotle himself, of course,or some of his pupils just because
of the ambiguity of the term iv6(yeo0au In the De Interpretatione
ivSeydy.evov
means the same as .6uvardv,3while in the Prior Anal2ticsit has two meanings. It is always dangerous to use the same
word in two meanings which may be unconsciously confused; as
also to use two different words with the same meaning. Aristotle
somctimes says tyyapei instead of iv}iyerat, and also uses the
Iattcr in two meahings.a We cannot be always sure what he
rn(:ans by tv}/yerat The ambiguity of this term probably contributcd to the controversies between himself and his friends
'l'lrcophrastus and Eirdemus. It is therefore a pity that he did not
trtrrt rnoods with possiblepremissesseparately before introducing
corrtingr:ncy. We shall supply this deficiency which has hitherto
rsr' ;r;rcrltl rc noti ce of sc holar s.
| !V I). Iloss, loc. cit., p.
44; see also the table of the valid moods, facing
rr. 'rl l (i .
t .ln
lr i r4, 33bzI 3ei Et zd dv6(yeo0at\appdv<w pi tv tots ivayxaiocs, dlJd,
a,,r,i t,),, ,ipr11Li"ov
6roptop6v.dviozeEi Aqv|dvettd rocoirov. 3 See n. t, p. I34.
(
A n l tr. i .3 , e5bro (r. r, p. r9z ) and i , gr 3oaz T(n. l , p. l go)
' l l . l i rr i rrst:ur<'<:
w i tl r i . r.1,;1rr',1o
(n. r, p. r93 ).
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Let us first consider the laws of conversion. Aristotle begins the
exposition of these laws in Book I, chapter 3 of the Pior Anafi'tics with the statement that the term iv6/yeo0at has several
meanings. He then says, without explaining the various meanings
of this term, that the laws ofconversion ofaffirmative propositions
are the same for all kinds of 2v\i76o0aa, but those of negative
propositions differ. He states explicitly that the problematic
propositions 'Every b may be an a' and 'Some b may be an a' (I
use the word 'may' to cover both kinds of the problematic proposition) are convertible into the proposition 'Some amaybe a b'
which gives for possibility the formulae:
nr.

CMAbaMIab

and

tzz. CMIbaMIab.

The law of conversion for universally-negative propositions is
explained only by examples from which we may infer the formula :
ng. CMEbaMEab.

ry. CCpqCMpMq.
The same theorem, i.e. the stronger M-law of extensionalitn
enables us to establish the whole theory of syllogisms with possible premisses. By means of the classical calculus of propositions
we get from t9 the formulae:
CCpCqrCMpCMqMr

and

n5. CCpCqrCpCMqMr.

Formula lz4 yields moodp with two possible premisses and a
possible conclusion: we merely have to add the mark of possibility to the premisses and to the conclusion of valid assertbric
t An.
inec}il
F. i. g,25"37-bt4
xera$artxoCs dpoios E(et xetd. iy
tQ B iv}€yete4 xei ti B nvi tQ A
<ioatjras, <ill' 6oa piv lv\iyeo|at
dvd.yxt1s pi1 Jndpxecv, dpo|as, otov.
d.v|punov iyyapei pq}evi izn<p, . ..
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moods. So, for instance,we get according to r24 from the assertoric mood Barbara by the substitution plAba, qlAcb, rlAca the
syllogism:
tz6. CMAbaCMAcbMAca.
Formula rz5 yields moods with one assertoricand one possible
premiss,it doesnot matter which, e.g.
tz7. CAbaCMAcbMAca

:zB. CMAbaCAcbMAca.

The systemis extremely rich. Any premissmay be strengthened
by replacing the assertoricor problematic prooosition by the
correspondingapodeicticproposition.Besides,there are.moods
with one problematic and one apodeictic premiss which yield
apodeictic conclusionsaccording to the formula:
tzg. CCpCqrCMpCLqLr.
Thus we have,for instance,the mood:

It is tacitly assumedthat particularly-negative possible propositions are not convertible.' We seefrom this that the laws of conversion of possible propositions are somewhat negligently treated
by Aristotle. He apparently does not attach any great importance
to the concept of possibility.
Formulae r2r-3 are correct and are easily deducible from the
analogous laws of conversion for assertoric propositions by means
of the theorem:

n4.

$s8

no\Aaytts \(yetar ti €v|tyeo9eq . . . dv ptv tots
dvtntpo$iv
dv dnoow. ei yip td A navrl ff revi
oia
iv6l7octo dr. . . , (od dv Ei rois dno$anxois
Aiyetor ff rQ i( dvdyx4s itd.p16l
i
tti it
"Q
. . (bg).i, . , dviiyetat prl}evi dv|pdn,p lnrov, xol
(br3) ripoios Et xai dzi tfis 2v yipet d.no$armfis.

t3o. CMAbaCLAcbLAca
which is contrary to the peioremrule acceptedby Theophrastus
and Eudemus.
I think that Aristotle would have accepted-not, of course,
the last syllogisticmood-but the moodswith possiblepremisses,
in particular rz6 and re8. There is, indeed,in the PriorAnal2tics
an interestingintroductory remark to the theory of problematic
syllogismswhich, in my opinion, rrlay be applied to possibility as
well as to contingency.Aristotle saysthat the expression'Of anything, of which 6 is predicated, a may be predicated' has two
meaningsthe best translation of which seernsto be this: 'For all a,
if everycisa 6, then everyc may be ana',and 'For all c,if everyc
may be a 6, then every r may be an a'. Then he adds that the
cxpression'Of anything, of which D is predicated, a may be
predicated'meansthe sameas 'Every b may be an a'.I We have
thus two equivalences:'Every b rliraybe an a' meanseither ,For
all c, if every c is a b, then every c may be an a', or 'For all c, rf
cvery d may be a D, then every c may be an a'. If we interpret
'may' in the senseof possibility,we get the formulae:
I An. pr. i. 13,3zbz7 t6 ydp,'xe?'
o0 rd B, i A 2v}iyeoflaf toitav oqpaivet
0drcpov, ff 'xa|' o0 Atyetat i B' i 'xa|' o0 2v6lyetar Alyeolar' . rd D{ , xol, ot i B, td
A iv6(yeo0oi i'navri rQ B td A iyyapeiv'oJEtv 8rc{lper.
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ty. QMAbaITcCAcbMAcaand rg2. Q,MAbaIIcCMAcbMAca
which are true in our systemof modal logic, and from which the
moods IeB and 126 are easilydeducible.I[ however, 'may' is
interpreted in the senseof contingency which seemsto be the
intention of Aristotle, then the formulae given above become
false.
propoitiorc
of contingent
| 59. Laws of conaersion
Continuing his exposition of the laws of conversion of modal
propositionsAristotle saysat the beginning of the Prior AnaQtics
that universally-negativecontingent propositions are not convertible, whereasparticularly-negativeonesare.t
This curious statementdemandscareful examination.I shall
first discussit critically not from the point of view of my modal
system, but from that of the basic modal logic accepted by
Aristotle and all logicians.
According to Aristotle, contingency is that which is neither
necessarynor impossible. This meaning of the contingent is
clearly implicit in the somewhat clumsy definition of Aristotle,
and is expresslycorroborated by Alexander.2 Let us repeat in
order to ensurecomplete clearness:'/ is contingent-means the
sameas-1 is not necessaryandp is not impossible',or in symbols:
a8. QTpKNLpNLNp.
This formula is obviously equivalent to the expression:
5o. QTpKMpMNf,
i.e. the contingent is both capable of being and capable of not
being.
Formulae 48 and 50 are quite general and applicable to any
propositionp. Let us apply them to the universally-negativepropositionEba. We get from 5o:
t 33. QT EbaK M EbaA(J,IE ba.
As NEba is equivalent to lba, we also have:
I An. pr, i.
3, z5bl4 (continuation of the text quoted in n. I, p. r9z) 6oa 6i zr! <,is
inizd ro)'J xai tQ te$uxtvor \iyetu 2v3i76o0oc,. . . oJX ipoios €(er iv teis ueplflxais dmoapo.rcis, dl)' fi piv xo06Aouorepqtu)1 rpdtao6 oix dmntpi$eq i Ed dv
pipet d,vttotp&fet2 See above,
$ +S, in particular nn. 3r p. I54 and tr p. t55.
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ry4. QTEbaKMEbaMIba.
Now we can derive from the laws of conversion:
tzg. CMEbaMEab

and

nz.

CMIbaMIab

that MEba is equivalent to MEab, and MIba to MIab; hence we
have:
ry5. QKMEbaMIbaKMEabMIab.
The first part of this formula KMEbaMIba is equivalent to TEba,
the second KMEabMIab to TEab; so we get the result :
rg6. QTEbaTEab.
This means that contingent universally-negative propositions are
convertible.
How was it possible for Aristotle not to see this simple proo{,
when he had all its premissesat his disposal? Here we touch on
another infected portion of his modal logic, even more difficult to
cure than the wound which his ideas about necessity inflicted on
it. Let us see how he tries to disprove formula 136.
Aristotle states quite generally that contingent propositions
with opposite arguments are convertible with one another in
rcspect of their arguments. The following examples will explain
this not very clear formulation. 'It is contingent that D should be
an a' is convertible with 'It is contingent that Dshould not be an a' ;
'It is contingent that every b should be an a' is convertible with
'It is contingent that not every D s,houldbe an a'; and 'It is contingent that some 6 should be an a'is convertible with 'It is contingent that some D should not be an a'.r This kind of conversion f
shall call, following Sir David Ross,'complementary conversion'.2
Aristotle would assert accordingly that the proposition 'It is
contingent that every 6 should be an a' is convertible with the
proposition 'ft is contingent that no Dshould be an a',in symbols :
(r) QTAbaTEba
(assertedby Aristotle).
This is the starting-point

of his proof,, which is performed by

I An. pr. i. rg,
3zazg oupBaiver 6| zdocs tds xotd td iv6€yeo0acnpord.oers dlnorpi$e w 'i*fi),ars. )/7o Et ori rri s xata$orwds raes d,ro$atuots, d))' 6oecxata$atudv
i2qovorrd oXfipa xatd. tlv dvtieeow, otov td €v6iyeo0ot indpyew tQ ivityeoflor pi1
l,n,ip1gew,xsi td nevri di6tyeo0at rQ 2v6€yeo0erprlEevi rci pi tavti, xoi ti twi tQ
1ti1tvl.
r W. D. Ross, loc, cit., p.
44,
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reductioad abrurdam.He argues in substancethus: If TEba were
convertible with TEab, then TAba would be convertible with
TEab, and as TEab is convertible with TAab, we should get the
false consequence:
(x) QTAbaTAab
(rejectedby Aristotle).I
What shouldwe sayto this argument? It is quite obviousthat
the definition of contingency adopted by Aristotle entails the
convertibility of contingent universally-negative propositions.
Consequentlythe disproof of this convertibility muit bi wrong.
Since it is formally correct, the error must lie in the premisses,
and as there are two premisseson which the disproofis based,the
assertedformula (r.),and the rejected (rc),then either it is wrong
to assert(r) or it is wrong to reject (r). This,-however,cannot be
decided within basic modal logic.
Within those limits we can merely say that the truth of the
assertedformula (r) is not justified by the accepteddefinition of
contingency.From the definition:
5o. QTpKMpMNp
we get by the substitution plMp the formula QfNpKMl{pMNNp,
and as MNN| is equivalent to Mp according to thesisg of basic
modal logic, we have:

ry7. QTNpKMpMN\.
From 5o and r37 there resultsthe consequence:

ry1."WpTNp,
and applying this consequenceto the premissEbawe get:,
rgg. QTEbaTNEba

or

r4o. QTEbaTIba,
as NEba means the same as lba. We see that QTEbaTIba rs
justified by the definition of contingency,but that QTEbaTAbais
not. This last formula hasbeen acceptedby Aristotle by a mistake.
We shall understand tlds error better if we examineAristotle's
I An. pr. i. 17,
36b35 nptizov oiv 6erxr(ov 6tt oik dvrnrp!{er td 2v tQ iv6lyeo0et
orepqrrxdv, otov ei ti A iviiyetat p16evi rQ B, oix dl,iyq rai zd B iviiTeoiat
p1}evi tQ A. xeio0o yd.p toito, xoi iv}eyio9a i B pq}ev| tQ A ird.pyew. oJxofiv
inei dwtmpd$ovou of iv tQ iviiyoflot xaraSd.oec rais d,no$d,oeoqxat ai ivavtiac xoi
at dmueipeaq
rd 5t B tQ A iv}lyerac pl}evi Jmdpyew, $avepdv 6n xei nawi Ev
iviiyocro rQ A irdpyecv. ro0ro 6l ry'e06os.ori yd.p ei il6e tQ6e nawi ivilyctaq
xai
.rriEe zrp6e dvayxaiov. ,iot' oix ,iwtmp($et rd neprytmdv.
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refutation of an attempt to prove the law of conversion for TEba
by redrctioad abnrdam.This attempt reads: ifwe supposethat it is
contingent that no 6 should be an a, then it is contingent that no a
should be a b. For ifthe latter propositionwere false,then it would
be necessarythat somea should be a b, and henceit would be
necessary
that someDshould bean a which is contrary to our supposition.t In symbols: If TEba is supposedto be true, then TEab
also must be true. For from NTEab would result LIab, and consequentlyLlba,which is incompatiblewith the suppositionTEba.
Refuting this argument Aristotle rightly points out that LIab
doesnot follow from NTEab.z We have, indeed, according to 48
the equivalence:
r4r. QTEabKNLEabNLNEab
or
t 42. QTEabKNLEabNLIab.
Thus for"MZEa6,applying QNKNpNqHp4, i.e. one ofthe so-called
'De Morgan's laws',l we have the formula:
t43. QNTEabHLEabLIab.
It can be seenthat by meansof r43 and the thesisCCHpqrCqrwe
can derive NTEab from LIab, but the convenieimplication does
not hold, since from NTEab we can derive only the alternation
HLEabLIab from which, of course, LIab does not follow. The
attempted proof is wrong, but it doesnot follow that the conclusion which was to be proved is false.
One point in this reduction deservesour attention: it is
apparent that insteadof r43 Aristotle acceptsthe formula:
(A) QNTEabHLOabLIab
which is not justified by definition 48. Similarly for the caseof
NTAab he adoptsthe formula:+
I An. pr. i. t7, g7"g il)d. pilv o116'dr zori diwdrou 6eq10{oerotdrttorpifuv, otov el
tts d.(uiocuv, e'zei g[e0Dostd ivti26o0at td B rQ A p76evi $n&pyew, ,i\r102sil, gti1
A
lv6lyo0at pl}evi ($doc ydp xai 'in6$aors), ei El roir', d)t1flis i{ 'ivtiyxqs tlirQ
Jnd,pTtcv'tiote xai rd A tui tit B'toiro 6' ,i6rjvotov,
I Ilrid.37'r4 (continuationof theforegoingnote) oJT,ipeipl2v6iTerutpq}evi:d
B tQ A, dvd.yxrl rli indpyew, rd' ydp pi1 iviiTeoiat y76evi6qg6s Liyetat, td piv ei i!
d.vd.yxr1c
t*I Jnd.p3ec,rri 6' ei e'f dvdyxrls rwi pfi ind.pyeu
t 'l'hese should properly be called Ockham's Laws, for so far as we know,
Or:khrnr was the first to state them, See Ph. Boehner, 'Bemerkungen zur Geschichte
der De Morganschen Gesetze in der Scholastik', Archiufiir Philosophic(September
rg5r), p, rr5, n.
t An,
lr. i. 17, 97'24 tQ iv}ileoflar nawi $tdpyew d r' 2{ dvdynls nvi Jnd.pycl
dvtlxtrar ral rd if dvdyxls t'i p'l ird.pycl.
I
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Qt) QhrTAabHLOabLIab
which, again, is not justified by 48, whereas the correct formula
ru n s:
r44. QNTAabHLOabLAab.
From ()) and (pc)Aristotle may have deduced the equivalence
QNTAabNTEab, and then (c), which is not justified by his
defi nition of contingency.
$ 6o. Rectifcation of Aristotle's mistakes
Aristotle's theory of contingent syllogisms is full of grave mistakes. He does not draw the right consequencesfrom his definition
of contingency, and denies the convertibility of universallynegative contingent propositions, though it is obviously admissible.
Neverthelesshis authority is still so strong that very able logicians
havc in the past failed to sec these mistakes. It is obvious that if
somebody, Albrecht Becker for example, accepts the definition

aB. QTpKNLpNLNp
with p as propositional variable, then he must also accept the
formula:
t 4r. QTEabKNLEabNLNEab
which is derived from 48 by the subsritution plEab. And
since Qy valid logical transformations formula r4t yields the
"
thesis
r43. QNTEabHLEabLIab,
he must also accept r43. Yet Becker rejects this thesisin favour of
'structural lbrmulae'-a product of his imagination.r
The remarks of the foregoing section were written from the
standpoint of basic modal logic which is an incomplete systcm.
Let us now discussour problem from t-he point of view of fourvalued modal logic.
From the Aristotelian definition of.contingency we obtained
the consequence r3B, QTpTNp, from which we may deduce
the implication:
r S ee A . B e c k e r , l o c , c i t., p . r 4 , wh e r e fo r m u la T r r :4 8
w ri tten i n another
symbolisrn, but with the propositional variable p, is accepted, and p. e7 where
formula r43 is rcjected.
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t45. CTpTNp.
Now we get from the premisses:
(axiom of the C-"1/-6-1-system)
5r. CDpC6Np6q
r46. CCpCqrCCpqCpr
(principle of Frcge)

the consequences:
5r. 3lT'x t47
r+7. CTpCTNpTq

r 46.pI Tp, CI TNp, rI Tq x Cr47-Ct 45-r48
r4B.CTpTq,
and as the converse implication CTqTp is also true, as may be
proved by the substitutions plq and Clp in r4B, we have the
equivalence:

rag. QTpTq.
From r49 we get by substitution first the law of conversign r36
QTEbaTEab, then formula (r) QTAbaTEba which Aristotle
asserts,and formula (x) QTAbaTAaD which he rejects. We can
now determine where the flaw in Aristotle's disproof of the law of
conversion is : Aristotle is wrong in rejecting (rc).
Formula Qfpfq shows that the truth-value of the function Tp
is independent of the argumentp, which means that Tp is a constant. We know, in fact, from $ 52 that KMpMNp which is the
defniensof Tp has the constant value j, and therefore Zp also has
tlrc constant value 3 and is never true. For this reason Tp is not
suitable to denote a contingent proposition in Aristotle's sense,
sincc he believes that some contingent propositions are true.
f1r must be replaced by Xp or Tp, i.e. by the function 'p is X-continscnt'or its twin 'p is T-contingent'. I shall take into consi<lt'r:rtionmerely X-contingency, as what is true ofX-contingency
rvill :rlsobe true of I-contingency.
lf ir sl, I should like to state that the convertibility of universallyrrlr' ;rI ivt' r:ontingentpropositionsis independent of any definition
r rl r r rnl ins<'n<:y.
As Eba is equivalent to Eab, we must accept the
l , rrrrrrrl ;r
t,tt. O,\l ,.ha6E ab
;rrr,rrlirrl; (o tht: principle of extensionaliryCqpqc6p64, which
rl srrl l s l i orrr orrr:rxi om 5r . Fr om r 5o we get a t r ue st at em entf or
:rrry r,:rl rrcol ' 8, Ircnccal so f or E/ X':
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r5t. CXEbaXEab.
Alexander reports that Theophrastus and Eudemus, unlike
Aristotle, acceptedthe convertibility of universally-negativecontingent propositions,Ibut saysin another passagethat in proving
this law they used reductioad absurdum.z
This seemsdoubtful, for
the only correct thing Aristotle had done in this matter was to
refute the proof of convertibility by reductio,a refutation which
cannot have been unknown to his pupils. Redurtio
can be usedto
prove, from CLIbaLIab, the convertibility of universally-negative propositions when they are possible (that is, to prove
CMEbaMEaD),but not when they are contingent. Another proof
is given by Alexander, continuing the former passage,but he
scarcely formulates it clearly enough. We know that Theophrastusand Eudemusinterpreted universally-negativepremisses,
Eba as well as Eab, as denoting a symmetric relation of disconnexion betweenb and a,t and they may have argued accordingly
that if it is contingent for b to be disconnectedfrom a, it is also
contingent for a to be disconnectedfrom ,.4 This proof would
conform with the principle of extensionality.At any rate, Theophrastus and Eudemus have corrected the gravest mistake in
Aristotle's theory of contingency.
Secondly, it follows from the definition of X-contingency:
Bz. CDKMpI4/NqDX7
that the so-called 'complementary conversion'cannot be admitted. QTpfNp is true, but QXpXNp must be rejected,because
its negation,i.e.:

ry2. NQXpXNp
is assertedin our systemascan be verified by the matrix method.
It is therefore not right in our systemto convert the proposition
t Alexander zzo. g @e6$paotosplvtot xai Eiiqpos . . . ,iwtmpi$ew
Qaoi xai rlv
xs06\ov &roSatwilv (scil. e'vDeXopivry) ditfi, Sonep d.wlotpeSe xai fi itd.pyouoe
xai ri dvayxaia. 4
xo4d\ou izoSatcri
2 lbid. zz3. g 66{et noi 6ui' ye rffs eis &6ivatov &nayoyffs 6$voo0at 6etxwo0er i7
xa06\ov droSonxl
ivieyoplry dworpi{ouoe.
fi oJrff 6e/fer rci oi €taipor o&toA
xiypqmau
t See ibid. gr.
4-ro.
a lbid. zeo. rz dzr 5t dmrcrpi$eq \euvAow oirus' ei i A tQ B iv}iycrat
p16cvt, xai i B rQ A 2v6i7ptat p16oi. daei yd.p 2vitTetar i A tQ B p16et, 6te
dviiyctet pr16evi,tdte dviiyerat dzefe0y9ecrd A ndltav t6w roi B'.ei 62 roAt' , Eorct
tdre xoi td B rc6 A drefevypfuov' ei Et rooro, xoi rd B tQ A dv6476rerpq}evl
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'It is contingent that every b should be an a' into the proposition
'It is contingent that some , should not be arr a', or into the
proposition 'It is contingent that no 6 should be an a', conversions which Aristotle acceptswithout any justification.t I think
that Aristotle was led to a wrong conception of 'complementary
conversion' by the ambiguity of the term 'contingent' (du8eXrip.evov).He usesthis term in the De Interpretatione
as a synonym of
the term 'possible'(6uvardv)rz
and continuesto useit thus in the
Pior Aml2tics,although the phrase 'It is contingent that p' has
there got another meaning, viz. 'It is possible that p and it is
possible that not p'. If we replace in the last phrase the term
'possible'by the term 'contingent',as Aristotle apparently does,
we get the nonsensethat 'It is contingent that p' meansthe same
as 'It is contingent that p and it is contingent that not p'. So far
as I know, this nonsensehas hitherto not been observedby anybody.
Thirdly, it follows from definition Be tfrat Xp is stronger than
Mp, becausewe have the thesis:
t5g. CXpMp,
but not conversely.This thesisis important, becauseit enablesus
to retain, with a little correction, a large number of syllogisms
with contingent premisses,in spiteof the seriousmistakesmade by
Aristotle.
premisses
,
| 6r. Moodswith contingmt
There is no need to enter into a detailed description of the
syllogisticmoods with contingent premisses,as Aristotle's definition of contingency is wrong and his syllogistic should be rebuilt
accordingto the correctdefinition. This, however,doesnot seem
to be worth while, for it is very doubtful whether a syllogisticwith
rxrrrtingentpremisseswill ever find a useful application. I think
tlrnt tlrc following generalremarkswill be sufficient.
!'irst, it may be shown that all the Aristotelian moods with a
contingcntconclusionare wrong. Let us take as an examplethe
m<xrd llarblra with contingent premissesand conclusion, i.e.
the mood
rr
714,CXAbaCXAcbXAca.
I S een. r, p. rg5.

2 S een. t, p. I34.
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This mood though accepted by Aristotlel must be rejected. Take
Aba and Acb as false, and Aca as true. These conditions fulfil the
assertoric mood Barbara, but from r54, applying the matrices
M9 and Mr5, we get the following equations: CXoCXoXT :
C3C3z : C3z: z. Similarly mood
*r55. CXAbaCAcbXAca
also accepted by Aristotle2 must be rcjected, since, for Aba : o,
and Acb : Aca: r, we have: CXoCrXr: CJCrz: C3z: :. It
was just these two moods that I was referring to when I said at
the end of $ 58 that formulae I 3 r and l3e, which Aristotle asserts,
became false, if we interpreted iv\iyeo9at as 'contingent'. It may
be said too that formulae r54 and 155 become true, if forXis put
Z, but Z-contingency is a uselessconcept.
Secondly, all the moods got by complementary conversion
should be rejected. I shall show by an example how Aristotle
deals with this sort of mood. He applies to I54 the formula
*156.
QXAbaXEba
which should be rejected (take Aba : r, and Eba : o), and gets
the following moods:
*r57. CXAbaCXEcbXAca
*r58. CXEbaCXEcbXAm
which must be rejected too.3 To show this, it sufficesto choosethe
termq a, D, and c of r57 in such a way that Aba : Ecb : o, and
Aca : r, and those of r5B in such a way that Eba : Ecb : o,
and Aca : r. We then have in both cases: CXoCXoXT :
C3C3z : C3z :2.
It seemsthat Aristotlc does not put much trust in these moods,
I An. pr. i. I4,
rQ f,
xqi rd B rovi
32b38 Srav oA, rd A zavti tQ B tv}lytyar
ind.pyeLv. zo0ro 3i $evepd,
ovL\oyropds Eotar rlAercs 6rt rd A navtl ri f iv|iyrat
ydp irEixeo|ar navr|. Jn&pycw oirus
iAlyopev.
ix toi 6pnpo6'
"d
1 Ibid. r5,33br5
lappdvryer ritv rpordocav,
dtiv 6'fi pivi'n,ipyel'fi6'iv}(4eo|ai
nd.vres o;.
6rav piv i1 npds rd pet{ov d.xpov iv3(yeo9ar o1patvy1, tiAecoi r' ioorrst
xard, rdv eiprlltivov 3rcpcop6u.
ov\A,oytolroi xai toA iviiyeo9at
3 Ibid. I4, gg"5drovStrd
B ivliXtlror, zri Ei B iv6(pyor
pq}evi rQ
AtovrirQ
6i
npord.oeu, oJ}eis yi,vetat ovAAoyrcp6s, dlnorpa$etols
i-, E,,i ptu tdv eiAlppivav
dpoios Et rai ei
ytverar 6 e}tde 6onep rp6repov. -93"12
tfis Bl xotd rd ivdtl6o0at
6' otov
npds dp$oipas
tds rpordoers fi d.n6$aots r<0ei1 pet& toa iv}/yeo?ou )lyo
eiAqppivav
A iv6/7etoc pr1leri rQ B xei rd B pqievi t<i .f' 8cd ptv ydp tir
ei i
6onep
3t n<iA"v 6 aitds Enu
npord.oeav oileis yiveto" ovA),oyrop6s, dvrtorpe$opivuv
rcoLnpdrepov.

MOOD S

$6'

WITH

C ON TIN GE N T

P R E MIS S D S

2oq

because he does not call them syllogisms at all. He merely says
that they can be reduced to syllogisms by means of complementary conversion. But moods reduced by the ordinary conversion are called by him syllogisms; why does he make a
difference between ordinary and complementary conversion, if
both kinds of conversion are equally valid?
Light upon this question is thrown by Alexandcr who, commenting on this passage,refers to a very important remark of his
master on two ontological meanings of contingcncy: 'In one
('contingent"
sense
means "usual (tnl rdn o)ri) but not necessary"
or "natural", e.g. it is contingent that men should go grey; in
another senseit is used of the indefinite, which is capable of being
thus and ofnot being thus, or in general of that which is by chance.
In either sense contingent propositions are convertible with
rcspect to their contradictory arguments, but not for the same
reason: "natural" propositions becausethey do not expresssomething necessary,"indefinite" propositions becausethcre is not, in
their case, a greater tendency to be more thus than not thus.
About the indefinite there is no scienceor syllogistic demonstration, becausethe middle term is only accidentally connccted with
the extremes;only about the "natural" are there such things, and
most arguments and inquiries are concerned with what is contingent in this sense.'r
Alexander discussesthis passage:his idea seemsto bc that, if
wc take any scientifically useful syllogism the premisscs of which
arc contingent in the senseof 'usual' (tni rd toAJ) or even 'most
usual' (izi rd nAeCorov),then we get premissesand a conclusion
wlrich are indeed contingent but are very seldom (tn' tAarrov)
rcitlized: such a syllogism is useless(d.yprloros).Pcrhaps this is
wlry Aristotle refusesto call what is so obtained a syllogism.z
| .'l t
r q,gz b4- z t
r dtv D i y < o 9 a r x c rd S ri o A (y e t a rrp d ro v s , € v a p i v rd t i s i n i i
l tr .i
a'tl) yitro|u
xoi 8lo).elreo rd dvayxoiov, otov rd noAnAo|at dv9purov. . ., i 6,\os zr)
t t ,l,rra r't1i'n,irfrrv . . ., d)loz Ei rd ,i6prcrov,6 xai olras xai p) oitas 3v"ar6v, . . . fi 6Aas
,,i ,i",i ,rjl'is yrvdpevov. -(btg)
dvrrcrp(Set piv oiv xoi xard. rds ,ivrtxecplvas
n 1",
rs i *i n pov ri'v tv\eyop(vov, oi plv rdv oir6v yc tpdnov, dl)d tt) piv ne$uxde
',i't'
, ly", t ,,, 1' ) i l. ,irriyxls in,ipy<w . . ., zd 3' d.6proro, rQ pr16iv pdlAov oJtus i ixe lvas.
,'n," r /11,,1ir) n,,l ,rr,,\,\o7ropds tinoSerxrrxds r6v ptv d.opiorov oix Eorc 6ad-td d.rexrov
,lr,rt ,,\ 1t,',t,',, r,i, ii rc,fuxdrav Eort, xai oye66v oi\6yot xei ei, oxirltets yivovrot rcpi
tr l ,f,

,,i ,( f,\

i r i \t

yr tl u 'r r o t

ivieToplvq i
in'
' ,\fr x;rrrrl.r rlr.1 r r6t ydp ,is ini rd n\eiorov dro$otcxQ
i ) ,r t r ,r . a,',,r ,1,,'r ,^i 'r ' i Lr tor p( 6a.
ro J ro u 6 i x e t l t (v o v o u \ l o y rc p d s p t v E o t a 4 o i
-5
.
1,,)y S1,ri,'r1t,iLtr iy,,tr',,,is .,Jr<is nputne. Dtd xai ipoApcv zorjrcs rds ov(vyios
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This point, more than any other, reveals a capital error in
Aristotle's syllogistic, viz. his disregard of singular propositions.
It is possiblethat an individual, {, should be going grey while
growing older, indeed this is probable, though not necessary,
sinceit is the natural tendencyto do so. It is also possible,though
rather improbable, that { should not be going grey. What
Alexander says about the different degreesof possibility is true
when applied to singular propositionsbut becomesfalse when
applied to universal or particular propositions.If there is no
general law that every old man should go grey, becausethis is
merely 'usual' and someold men do not go grey, then, of course,
the latter proposition is true and therefore possible,but the
former is simply false, and from our point of view a false proposition is neither possiblynor contingentlytrue.
Thirdly, from a valid mood with possiblepremisseswe can get
other valid moods by replacing a possiblepremissby the corresponding contingent one. This rule is basedon formula r53 which
states that Xp is stronger than Mp, and it is obvious that any
implication will remain true, if one or more of its antecedentsis
replaced by a stronger antecedent. So we get, for instance,from
le6. CMAbaCMAcbMAcathe mood ryg. CXAbaCXAcbMAca
and from
l:'8. CMAbaCAcbMAca the mood

16o. CXAbaCAcbMAca.

Comparing the rejected moods 154 and r55 with the asserted
moods r5g and 160,we seethat they differ only by the substitu- \)
tion of M for X in the conclusion. If we examine the table of
Aristotelian syllogistic moods with problematic premisses,given
by Sir David Ross,t we shall find it a useful rule that by this
small correctton, M in the conclusion, instead of X, all those
moods become valid. O-nly the moods obtained by complementary conversioncannbt be corrected,and must be definitively
rejected.
&yp/,mous te xai d,n),,Aoyiotous etvau -to ious Dt rci crizds toito i{optipevos clte
'i oi yivetac ouLAoyrr1tris'.Cf. W. D. Ross's paraphrase of this passage, loc. cit.,
"i
p.
- i326.
W. D. Ross, loc. cit., facing p. 286; in the conclusion the index c should cverywhere be replaced by P.
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$ 62. Philosophicalimplicationsof modatlogic
It may seemthat the Aristotelian modal syllogistic,even when
corrected, has no useful application to scientific or philosophic
problems. But in reality, Aristotle's propositional modal logic is
historically and systematically of the greatest importance for
philosophy.All elementsrequired for a completesystemof modal
logic are to be found in his works: basic modal logic and the
theoremsof extensionality.But Aristotle wasnot able to combine
thoseelementsin the right way. He did not know the logic of
propositionswhich wascreatedafter him by the Stoics;he tacitly
iccepted the logical principle of bivalence,i.e. the principle thai
everypropositionis either true or false,whereasmodal logic cannot be a two-valued system.Discussingthe contingencyof a
future sea-fighthe comesvery near to the conceptionof a manyvaluedlogic,but he laysno stresson this greatidea, and for many
centurieshis suggestionremained fruitless. Owing to Aristotle I
was able to discover this idea in lgro and to construct the first
many-valued systemof logic in opposition to the logic, hitherto
known, which I called 'two-valued logic' thus introducing a
term now commonly acceptedby logicians.r
Under the influence of Plato's theory of ideas Aristotle developed a logic of universal terms and set forth views on necessity
which were, in my opinion, disastrousfor philosophy. Propositions which ascribe essentialproperties to objects are according
to him not only factually, but alsonecessarilytrue. This erroneous
distinction was the beginning of :{ long evolution which led to the
division of sciencesinto two groups : the apriori sciences
consisting
of apodeictic theorems,such as logic and mathematics, and the
a posteriorior empirical sciencesconsisting chiefly of assertoric
statementsbasedon experience.This distinctionis, in my opinion,
false.There are no true apodeicticpropositions,and from the
standpointof logic thereis no differencebetweena mathematical
and an empirical truth. Modal logic can be describedas an
extensionof the customarylogic by theintroductionofa 'stronger'
I See
(Two.valued Logic), Przegl4d
J. Lukasiewicz, 'Logika dwuwarto5ciowa'
Filozofuzn2,eg,Warszawa (rgzr). A passageof this paper concerning the principle
of bivalence was translated into French by W. Sierpiriski, 'Algibre des ensembles',
Monografu Mataragtcznr, 23, p. 2, Warszawa-Wroclaw ( r g5r ). An appendix of my
German paper quoted in n. r, p. 166, is devoted to the history of this principle
In antrqurty.
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and a 'weaker' affirmation; the apodeictic affirmation Lp is
stronger, and the problematic Mp weaker than the assertoric
affirmationp. If we use the non-committal expressions'stronger'
and 'weaker' insteadof 'necessary'and 'contingent',we get rid
of some dangerous associationsconnected with modal terms.
Necessityimplies compulsion, contingency implies chance. We
assertthe necessary,for we feel compelled to do so. But if Za is
merely a stronger affirmation than cr,and a is true, why should
we assertZcr?Truth is strong enough, there is no need to have
a 'supertruth' stronger than truth.
The Aristotelian a priori is analytic, basedon definitions,and
definitionsmay occur in any science.Aristotle'sexample 'Man
is necessarilyan animal', based on the definition of 'man' as a
'two-footed animal', belongs to an empirical science.Every
science,ofcourse, must have at its disposalan exactly constructed
language and for this purpose well-formed definitions are indispensable,as they explain the meaningof words,but they cannot
replace experience. The analytic statement 'I am an animal'
madeby aman-analytic because'animal'belongsto the essence
of man-conveys no useful information, and can be seen to be
silly by comparisonwith the empirical statement 'I was born the
ztrt D.".-Ler IBTB'.If we want to know what the 'essence'of
man is-if there is such a thing as 'essence'at all-we cannot rely
on the meaningsofwords but must investigatehuman individuals
themsdves, their anatomy, histology, physiology, psychology,
and so on, and this is an endlesstask. It is not a paradox to say
even today that man is an unknown being.
The same is true for the deductive sciences.No deduqtive
systemcan be basedon definitions as its ultimate fundamentals.
Every definition supposessomeprimitive terms, by which other
terms may be defined, but the meaning of primitive terms must
be explainedby examples,axiomsor rules,basedon experience.
The true a piori is alwdls synthetic. It doesnot arise, however,
from somemysteriousfaculty of the mind, but from very simple
experimentswhich can be repeated at any time. If I know by
inspection that a certain ballot box contains only white balls, I
can say a prioi that only a white ball will be drawn from it. And
if the box contains white and black balls, and two drawings are
made, f can foretell a prioi that only four combinations can possibly occur: white-white, white-black, black-white, and black-
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black. On such experiments the axioms of logic and mathematics
are based ; there is no fundamental difference between a priori and
a posteiori sciences.
While Aristotle's treatment of necessity is in my opinion a
failure, his concept of ambivalent possibility or contingency is an
important and fruitful idea. I think that it may be successfully
applied to refute determinism.
By determinism I understand a theory which states that if an
event -E happens at the moment l, then it is true at a\y moment
earlier than I that E happens at the moment l. The strongest
argument in defence of this theory is based on the law of causality
which states that every event has a cause in some earlier event.
If so, it seems to be evident that all future events have causes
which exist today, and existed from eternity, and therefore all are
predetermined.
The law of causality, however, understood in its full generality
should be regarded as merely a hypothesis. It is true, of course,
that astronomers, relying on some laws known to govern the
universe, are able to predict for years in advance the positions
and motions of heavenly bodies with considerable accuracy. Just
at the moment I finished writing the previous sentence a bee flew
humming past my ear. Am I to believe that this event too has
been predetermined from all eternity and by some unknown laws
governing the universe? To accept this would Iook more like
indulging in whimsical speculation than relying on scientifically
verifiable assertions.
But even if we accept the law of causality as generally true, the
argument given above is not conclusive. We may assume that
cvery event has a cause, and nothing happens by chance, yet the
chain of causes produci.ng a future event, though infinite, does
not reach the present moment. This can be explained by a mathematical analogy. Let us denote the present moment by o, the
moment of the future event by r, and the moments of its cansei
by fractions greater than |. As there exists no smallest fraction
grcater than !, every event has a cause in an earlier event, but
thc whole chain of these causes and effects has a limit at the
moment |, later than o.
Wc may therefore assume that the Aristotelian sea-fight of
tomorrow, though it will have a cause which itselfwill have cause
tncl so on, does not have a cause today. Similarly we may assume
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that nothing exists today which would Prevent there being a seafight tomorrow. If truth consists in the conformity of thought to
reality, we may say that those propositions are true today which
conform with today's reality or with future reality in so far as that
is predetermined by causes existing today. As the sea-fight of
tomorrow is not real today, and its future existence or nonexistence has no real cause today, the proposition 'There will be
a sea-fight tomorrow'is today neither true nor false. We can only
say: 'There may be a sea-fight tomorrow' and 'There may not
be a sea-fight tomorrow'. Tomorrow's sea-fight is a contingent
ev€nt, and if there are such events, determinism is refuted.
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Aab, rneans 'all a is b' or '6 belongs to all a', p. 77.
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deriv at i o n a l I i n e , p . B r .
detachment, rule of, modusponensof aheStoics. p. 16,
determinism, refutarion oll pp. zo7-8.
D-expressions,the method ofverifying, p. r63.
dictum de omni et nullo, not a principle of Jyllogistic, p.
46; not formulated by
Aristotle, p. 47.
Dimaris, thesis,p. gz; proved by Aristotle, p. 26 n.
Disamis, thesis, p. gz; formulated byAristotie with transposed
premisses,p.7 n.i
p:.".9 by him by conversion of the conclusion of Darii, pp.
Sz_SS.
_
uurr
scorus, Iaw or principle ol, pp. Bo, t37, 16z, 165; tis pii"ciptc
^.
is not a
tautology, p. r65.
6uvat6v,possible,p. 134.
.E, constant functor, means ,no-is' or ,belongs to no,, pp.
t4, 77.
Eab, means 'no a is 6, or ,6 belongs to no o',-p.
77.
ecthesis,explained by existential quanrifiers; p. 6i; p.oof.
by ecthesis,pp. 59_67;
perceptual character ascribed to them by Alexander, pp.
6o, ,r. g,'eg,
,_'gi
67, n . r .
"il,
.ElqclopaediaBritannica, r r th edition, on logic of the Stoics, p. 49.
d,v6(xeo0ar,
its ambiguous use in Aristotle,
i. ,gr, ,rn. *_4,
iv\ey6pevov,contingent, p, r34, seccontingency.
E1b ayd NI1b, p. BB; ditreint irom deductive equivalence, p. r r
o.
:::1::t.l"t,:{
,bucud, employs the law of Clavius, p.
5o.
n.4,
I5 2 , ,7 z, r d a n ., r 8 5 , r B7 , r 9 r , r 9 3,2oo, n. r.
Pult
T*,,Po.38,
. r . 33 .,
Durerran
dragrars, apphed to a non_Aristotclian systemofsyllogistic,
p. gg; to the
problem ofundecidable expressions,p. ror.
ex is t ent i a l q u a n t i f i e r s , - e xp la in e dp, p .6 r ,- g 4 ; r u le s o ll p .6 z;
used i n prooG by
ccthesis, pp. 6r-66.
cx mcrcncgatiaisnihil sequitur,not generally true, p. l03;
connected with Slupecki,s
rule ofrejection, p. r03.
exportarion, law of, pp. 86, 89, rBz.
exposition, seeecthesis.
expression,significan! p. Bo; elementary, p. r03; simple, p.
ro3.
extensiona.lity,laws of for modal functors,
bp. ,-SS,,,n. ,_3, r39, r43, t47; general
law ol p. tgg; M-law o[ proved by Aiistotie and Uy"af."*^"a.i,
piri.'rf,"1.fac.tor, principle of the, pp.
52-53.
.relapton,.thesis,p. 93 ; formulated by Aristotle with
transposedpremisses,p. g, n. 4.
Ferison, thesis, p. 93.
thesis, p. 93; proved by Aristotle, p. 25, n. 2.
{esa.no,
F es t ino, t h e s i s ,p . 9 3 ; p r o v e d b y Ar isto r le ,
i- .
;.5 ;;".
figures of the syllogism, division into figures'ha-sa practical
aim, p. z3; description
of the three Aristotelian figures, p. 23, n. r j position
of the middle term in
premissesprinciple of division into
fig-ures,p.
z; Maier,s opinion criticized, pp. 3G-38.
"3, ".
form, of the. Aristotelian syllogism, pp. r-g; of thought,
p. rz; of syllogism as
opposed to its matter, p. r41 consistsolnumber
ind dirposiiio' or.,rl.i"utl.
and of logical constants, p. 14.
_
formalism, pp. r5-r6.
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fourth figure, omitted by Aristotle, p. z7; is moods accepted byAristotle, p. e7;
not invented by Galen, p. 4r ; opinions of Prantl and Maier criticized, pp. 35,
Jl '

four-valued system of modal logic, its primitive terrrr, pp. 167-8; its axioms,
p. 168; is rulcs of inference, p, 168; its adequate matrix, p. 168; some of its
odd coruequences,p. r78; a method of extending it into higher sysrems,pp.
r 7gF8o.
Frege, G., founder of modern propositional logic, p. 48; introduced assertion into
logic, p. 94.
Fresison,thesis,p. 93; proved by Aristotle, p. 25, n. 2.
functorial propositions, have no subject or predicates, p. r32.
functors, of syllogistic, 77; modal, r34; variable, introduced into propositional
logic by Ledniewski, p. r6r; the meaning of the simplest expression with a
variable functor of one propositional argument, pp. 16l-2.
Galen, divided compound syllogisms of four terms into four figures, pp. 3B-4o.
Gerhardt, p. t5r, n. 3.
Gohlke, P., his hypothesis concerning the composition of the Prior Analytics, p.
r33, n. r.
Il, sign of alternation, 'either-or', its definition, p. r64; its E-definition, p. 165.
Hermintu, modiFes the Aristotelian definition of thc major term, p.3r, n.3; misunderstands rcjection, p. 70, n. r.
homogeneous term, required by the syllogistic, p. 7,
ritr1, matter of the syllogism as opposed to its form, p. r4.
iroBdilew, term used by Philoponus for substitution, p, B.
hypothetical syllogism, law oll known to Aristotle, p.49, n.4; formulated, p.5r;
in symbols, p. 79.
1, constant functor, 6g2ns '566s-is'or
'belongs to some', pp. r4,77.
Iaa, law of identity, axiom, p. BB.
Iab, means 'some a is 6' or 'D belongs to some a' , p, 77.
identity, Iaws of, syllogistic Aaa and laa, p. 88; propositional, p. 48; principle otl
p. t 49 ; apodeictic principle of r {g ; axioms of the theory of, p. r49; the law otl
analytic, p. r4g; the law of, used by Aristotle in a demonstration, p. r49, n. z.
imnrediate premiss, d.peoosnp6raots, without a middle term betrveen its subject
and predicate, p. 44.
impcrfect syllogisms,moods of the second and third 6gure, p. 43.
i rrrpfi cati on,'i f p, then C ',p.78; defi ned as truth func ti on by P hi l o of Megara,
pp. 83, I46, I 58 ; its relation to the corresponding rule of inference, p. 22.
i rnportati on, l aw ol , pp. B 6, l B l .
irrrfclirrite Jrrcmiss,pp. 4-5i treated as particular, p. 5, nn. r-2.
itrrferrrrrnstr:rlrlepropositions, dvan66e*roq p. 49.
i trrl errrorrrtrrrl rlsyl
c l ogi smsof the S toi c s ,fi rs t, p. l 9; s ec ondand thi rd, p.58.
rrr,leprrrrlr.rrrr., prrxrli r:f independence of the axioms of syllogistic, pp. B9-go.
rrrrxIr tnrrr, r,l A ri stotcl i an l i l rmul ati ons , p. t8, n. r.
Ittl rtrrrr r, rrot ;r ;l roJxrsi l i ()n,p. 2 t.
rrl uul rl y trr,rny-v;rl rr<rl
rnocl alsy s tem,p. rB o.
i l rl rt ptrl i rl ton rrrri ;rl rl cs,Jr. t 7O.
l ol rrn"l l l nl rrr, ;r, .l (rrn l .
A , rrgrt ol r orri rrrrrti orr ';rnrl ', p. 7t|; i ts f< rur-v al uedmatri x , r75.
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Kalbfleisch, K., P. 38.
K ant , I . , p . l 3 z .
K app, E . , p . t , n . r l c r i t i c ize sPr a n tl, p .3 , n .6 .
Keynes,J. N., on singular propositions, P. 5, n. 3i o-n the major and minor term,
'
p. g6 n. ; on reduction of syllogisms to the first 6gure, p' 44i on dictum de omni
ct nullo, P. 47.
Kochalsky, p. 59, n. I.
'p and q', P. 78; its definition by C and ff' P' Bt ; defined
fpa, conjunitioi,
-.uttt P. 83'
as truth function,
Z, constant functor, means'it

is necessarythat', P. I34; its matrix in the four-

I491
n ' z;itsa n a lyticch aracter,p'
Aris to t l e b u t n o t s t a t e d exp licitly,p .r 4 g ,
.double contingency'' p' I78; of contradiction and excluded middle for
of
X-contingency'and f-contingency, p. 176' , Leibniz, C. W., tti. arithmetical interpretation of the syllogistic, pp' I z6-9 ; quotes
a formulation of the principle of necessity, p' r 5 r '
Leiniewski, S., a thesis of his prbtothctic, p. I 56 ; introduces variable functors into
proporitiorral logic, p. Ibr; his rule for,verifying expressions.with -variable
ir,niao., of prop6sitional arguments, p' I63; his method of writing definitions,

P . 2o 5 n .
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does not understand the implication 'if not-p, then p', p. 50; accepts AIexander's interpretation of proofs by ecthesis, p. 6o, n.4; does not understand
proofs ofrejection, p. 68.
majoi term, predicate of the conclusion, p. 3z ; wrongly dehned by Aristode, p. zB,
n. l; Aristotle's definition modified by Herminus, P. 3I, n. 3; Alexander's
opinion on this subject untenable, pP. 3t-32; classical definition given by
Philoponus, p. 32, n. 2.
material implication, defined by Philo of Megara, pp. t46-7.
matrix, two-valued, for C--lf7-system, p. r 58 ; four-valued, for same' p. t 6o I twovalued, for the four functors ofone argument, p. r63; four-valued, adequate,
for C, N, M, L, p. r 68 ; four-valued., for W, p. r 7z ; four-valued, for K, p', 75 ;
four-valued, for X and T, p. t76; eight-valued, for C, N, M, P- ,79.
matrix method, explained, pp. I58-6o; known to Lukasiewicz through Peirce and
Schrtider, p. r66; method of 'multiplying' matrices explained, pp. I5gF6o'
Meredith, C. A., on number of figures and moods for n terms, P' 42 ; on extended
systemsofthe propositional calculus, pP. t6o' I62 n'
middle term, wrongly defined by Aristotle for the first figure, p. 28, n. r ; rightly
defined for all figures, p. 29 n'
minor term, subject of the conclusion, p. 3a; wrongly defined by Aristode, p. e8'
n. z 1 classicaldefinition given by Philoponus, p. 32, n. 2.
M-law of extensionality, stronger, enables us to establish the theory of syllogisms
with possible premisses, p. rgz.
modal functions, p. rZ+.
modal firnctors, p. I 34 ; different from any of the four functors of the two-valued
calculus, p. I66; alt combinations of, reducible to four ineducible combina'
trons, p. I79.
modal logic, of propositions, presupposed by any modal logic of terms, p. 133 ; its
fundamental formulae, pp. t34-5; two scholastic principles of, pp. 135-6;
basic, p. I37; four-valued system ol, developed, pp. 166-9; three-valued
system oq unsatisfactory, pp. 166n., 167; eight-valued system of, outlined,
p. r79; infinitely many-valued system oll p. I8o'
modal syllogistic, less important than assertoric syllogistic, p. r8r; contains mistakes, p. r33; should be rebuilt, p. eoI.
modusponens,frrst indemonstrable of the Stoics, p. r 9; rule of detachment' pp. I6, 8I.
moods, with two apodeicticpremisses, pp. tBI-3; with one apodeictic and one
assertoric premiss, pp, 183-6; with possible premisses, neglected in favour of
moods with contingent premisses, P. r9l ; with one problematic and one
apodeictic premiss, yielding apodeictic conclusions, p' t93; with contingent
premisses, not likely to find a useful application, p. eot ; with problematic
premisses, a method of correcting them, p. zo4; obtained by complementary
conversion, must be rejected.
Mutsc*rmann, p. 5g, n. t.
.rtf,sign of ncgation 'it is not true that'or 'not', p. 78.
ne( cisilry connexions, of propositions, pp. I43-6 ; of terms, r4B-9.
rrcrcsity, its relation to possibility expressed symbolically, p. I35; simple and
r orxl i ti orral ,pp. r44, n. t, t5r -2; hy potheti c al ,p, l 5z ; A ri s totl e' spri nc i pl e of,
pl,. rr,l 4; prirrciplc of, interpreted as rule, pp. I5z-3; Aristotle's views on,
rlirrrrtrorn l'rrr plrilosophy, p. 2o5; Jz syllogistic necessity,
rregnti orr,prol xrri ti on:rl ,tl t:noted b y oJ X ,i bythe S toi c s ,p.78, n. r.
ncgnti vr terrri , cxi hrrl crl by A ri stotl e from s y l l ogi s ti c ,p. 72.
rrrrrrrl rcr,l ryl krgi rti t' l i rrl ns :rnd val i d moods , p. 96.
rrrrrrrllcrol rrrrrlctirlrrlrlc cxllrcssions,infinite without Slupecki's rule, p. ro3.
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number ofvalid moods and figures for n terrns, p. 42.
O, constant functor, means 'some-is not' or 'does not belong to some', PP. r41 77.
Oab, rneans'some d is not b' or 'D does not belong to some 4', P. 77.
Ockham, his laws, p. Ig7, n. 3.
order ofpremiss$, pp. 32-34; not fixed by Aristotle, pp'32-34.
oriXi, propositional negation of the Stoics, p. 78' n' I.
Oxford Translation of Aristotle's works, p. vii.
particular, premiss, p. 4; quantifier, secquantifiers.
Peano, G., p. 52.
peioremsequitursemperconclusioparlem' Pp. lB4, lg3.
Peirce, C. S., invented a method of verifying theses of the theory of deduction,
pp. 8 z , I 6 6 .
perfect syllogisms, moods of the first figure' pp. 43-45.
Peripatetics, a syllogism used by them, p. r ; on relation of Iogic to philosophy,
p, I3 n . ; n o t f o r m a l i sts,P. 1 6 .
Philo of Megara, defined implication as truth function, pP.83 n., I46-7' t58'
Philoponus,John, on importance ofvariables, P'B' n. 3; usesrlzopritr)ervto denote
substitution, p. 8; his definition of the major and the minor term, p. 32, n. 2;
the second figr:re has a major and minor term by convention, P. 32, n. 3.
Plato, his supposed influence on Aristotle's logic, pp. 6, eo5; examples of compound
syllogisms, p. 4o.
Platonists, on relation oflogic to philosophy, p. I3.
possibility, its relation to necessity expressedsymbolically, p. I35; in the fourpp. t67, t7z;
valued system of modal logic, represented by'twin'functors,
their four-valued matriccs, p. r72; their use for defining contingency, pp.
r 75-6.
Prantl, C., criticized by Kapp, p.3, n.6; does not distinguish the Aristotelian
syllogism from the traditional, pp. 22, 35; his mistaken opinion on the fourth
figure, p. 35, nn. I, 3 ; his ignorance of logic, pp. 35-36 ; quotes Averroes, p. 38.
predicate, together with subject matter of the syllogism, p. I4; put by Aristotle in
the first place in abstract syllogisms, p. 3; predicate of conclusion : major
tefm, p. 3z; prejudice that every proposition has a subject and a predicate,
P 'l3 I '
premiss, defined by Aristotle, p. 3; divided by him into universal, particular, and
indefinite, p. 4.
primitive terms, of the syllogistic, p. 45.
Principia Mathenatica, by A. N. Whitehead and B. Russell, pp. 48, 50, n. 2, 5I, n. 2)
52, n , I , 5 6 , n . z , 6 I n ., 1 6 3 , 1 6 5 .
principle, of division of syllogisms into figures, p. z3 ; of identity, apodeictic, must
be rejected, p. rgo; of tautology, p. 165.
Prior, A . N . , p . r 7 r n .
proof, Aristotle's theory of prbof unsatisfactory, p. 44; Proofs of syllogistic moods
by conversion, pp. 5r-54; by reductioadinpossibilc,pp. 54-59; by ecthesis,pp.
59-67; how proofs should be performed by reductioadimpossibile,p.56; proof
ofdecision for the theory ofdeduction, pp. I I z-r8 ; for the syllogistic, pp. I zo6 ; of IJaw of extensionality, p. r 39 ; proof of CNLNpMq, pp. I 4r-z ; proof of
Cpp in the C--iV-6-1-system, pp. 16z-3; proof that no apodeictic proposition is true, pp. r6917o; proofofmoods with one apodeictic and one assertoric
premiss, pp. t8B-9.
proposition, np|raoc ofthe Peripatetics, p. 3; d.{iupa of the Stoics, p. Bz n.;
Alexander on the difference of categorical and hlpothetical propositions,

IN D EX

219

p. rg2 n.; functorial propositions havc no subjects or predicates, p. r32;
apodeictic, p. r34; problematic,p. rZ4; assertoric,p. r34; analytic, definition
and examples ol; p. r49.
propositional function, pp, 94-95.
Q, sign of equivalence, p. lo8; means 'if and gnly if', is employed instead of the
usual '.8', p. r35, n. 5.
quantified expressions, explained, p. 84.
quantifiers, universal denoted by I/, existential or particular denoted by J, p. B+;
rules ofexistential quantifiers, p.6z; rules ofuniversal quantifiers, p. 86;
universal quantifiers correspond to the syllogistic necessity, pp. ll, 87;
existential quantifiers may explain proofs by ccthesis, pp. 6r-66; universal
quantifiers may be omitted at the head of an asserted formula, p. r45.
Quine, W. V., on consequencesof the apodeictic principle of identity, p. r50 n.,
his example of the difficulty resulting from the application of modal logic to
the theory of identity, p. r 7 r ; solution of the difficulty, pp. r 7 r-2,
Rd rule allowing to replace NI by E and, conversely, p. 88.
nduclio ad absurdum, see reductio ad impossibile.
rcductio ad impossibilc,characterized by Aristotle, p. 55 n.; proofs by, pp. 54-59;
unsatisfactory for Baroco and Bocardo, pp. 54-55, rBz.
reduction of a:tioms to a minimum, has a predecessor in Aristode, p. 45.
reduction of syllogistical moods to the first figure, means proof, p. 44; Keynes's
opinion criticized, p. 44.
reduction to elementary expressions, in the theory ofdeduction, pp. r r r-r5; in the
syllogistic, pp. r rB-zo.
rejected expressions, denoted by an asterisk, pp. 96, 136.
rejection, used by Aristotle by exemplification through concrete terrns, p. 67, n, z;
a rule of rejection stated by him, p. 70, n. e ; its meaning explained, p. 96; its
rules, pp. 7r-j2, 961' how these rules work, pp. 96-97; reasons for its introduction into the theory ofdeduction, p. ro9.
RO, rule allowing to replace NA by O and conversely, p. 88.
Ross, Sir David, pp. vii, viii, 8, n. t, 24n., 46, n. r, 41, n. 2, r54, nn. r-2, rB5,
n. 5, r9r, n. r, r95, n. 2, 2o3, n: 2, 2o4 n.
R.9, Slupecki's rule of rejection, p. r04.
rule, 'c, therefore it is necessary that c', acceptcd by some modern logicians, p. I 53.
rule for the verification of8-expressions, p. r63.
rule of detachment-modus poncnsof the Stoics, pp. 16, 19, Br,
rule ofSlupecki, formulated, pp. 75, r03; explained, p. lo4; employed, pp. ro5-6.
rule ofsubstitution for variable firnctors, explained, pp. r6r-2.
rulcs of infererre, different from propositions, p. 2r I for asserted expressions: by
substitution, pp. 8o, 88; by detachment, pp. Br, BB; for rejected expressions:
by substitution, pp. 72t 96; by detachment, pp. 7r, 96.
l{rrssr:ll,l}., p. r, n. r; wrongly criticizes Aristotle, p. r, n. 3; see also Principia
Mathunatica.
Sr lrolz, l l., p. ix; on Galcn's authorship of the fourth figure, p. 39.
S r l rl i i rl rr, l ,).,p. r66.
rc:rf i gl rl , l )l ). rr)2, 155r,r75, r7 8,207-8.
Sextrrs lirrrpirit:us, (luotcs a Peripatetic syllogism, p. r, n. 2; gives the Stoic proof of
tlrr <orrr;xrrrrrrllaw of transposition, p. 59, n. r ; guotes Philo's definition of
i rnpl i c:rti on,p. l i 3 n.
S i crpi rl ski ,W., p. l r5.
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significant expression, defined inductively, p. Bo.
simple expressions of t}re syllogistic, rejected, pp. r2o-t.
simplification, law of, p. 89.
singular terms, defined by Aristotle, p. 4, n. z; why omitted in his syllogistic,
PP. 5-7.
Slupecki,J., proves that the number ofundecidable expressions ofthe syllogistic is
infinite, p. I o r ; states a new rule of rejection, p. I o3 ; shows that the Leibnizian arithmetical interpretation ofthe syllogistic verifies his rule, p. rzB n.; his
paper quoted, p. 76 n.
Solmsen, Fr., his view on conversion ofthe conclusion refuted, p. 25, n. t.
square of opposition, not mentioned in the Anal2tics,pP. 20, 45.
Stoics, on exchange of equivalent terms in syllogisms, pp. I8, l9 n.; their logic
formalistic, p. rg; their logic a iogic of propositions, pp. 48, zo5; a system of
rules of inference, p, 48; misunderstood by modcrn commentators' p. 49;
denote variables by ordinal numbers, p. 58, n. 4; use oJTi as propositional
n€ation, p. 28, n. r ; adopt Philo's definition of implication, p. 83; state the
principle of bivalence, p. 8z n. ; modusponerc, the first indemonstrable syllogism of the Stoics, p. Ig; the second and third indemonstrable syllogisms,
p. 58; their proof of the compound law of transposition; the logic of the
Stoic-Megaric school well known to Alexander, p. I47.
otoqetc, letters, variables, p. B.
strict implication, p. r47.
subject, together with predicate matter of the syllogism, p. t4; put by Aristotle in
the second place in abstract syllogisms, p. 3; subject cif the conchsion:
minor term, p. 3z; propositions without subject or predicate, pP.44, r3r.
substitution, an ancient argument by substitution, p. r o ; term used for substitution
by Philoponus, p. 8, n. 3 ; rule of substitution for asserted expressions, p. 8o;
for rejected expressions, pp. 72, 96; for E-expressions,pp. 16l-2.
substitution-variables, distinct from interpretation-variables' p. l70.
syllogism, a Peripatetic, p. r ; in concrete terms given by Aristotle, p. z ; form of the
Aristotelian syllogism, pp. I-3; different from the traditional logically and in
style, p. 3; differently formulated in variables and in concrete terms, P. t7;
compared by the Stoics with an arithmetical law, p' I5; in purely implicational{orm, pp. zz, l8c; in symbolic form, p. 78; modal syllogisms dealt with
by Aristotle after the pattern of his assertoric syllogisms, p. lBI.
syllogistic necessity,its sign sometimesomitted by Aristotle, P. Io, n.5; its meaning
explained on occasion of the invalid conversion of the O'premiss, p. r r ;
wrongly explained by Maier, pp. II-I2l corresponds to a universal quantifier, p. r r ; proof of this correspondence in symbolic form, pp. 86J7 ; can be
eliminated from syllogistic laws, pp. t44-5.
symbolic notation, without brackets, pp. 78-79.
synthetic theorem, ascribed by Alexander to Aristotle, p. 65 n.; in symbolic
form, p. 85.
f, constant functor, means 'it is contingent that', p. 154; not suitable for the purpose ofinterpreting contingency in Aristotle's 6ense' p. 199.
Tarski, A., pp. 78, n. 2, ro7 a.
tautology, principle of, p. 165.
term, part of a premiss, p. 3; universal, singular, empty' P' 4; different from
Begri.f,p.3, n. 6; a division of terms, pp. 5-6; syllogistic requires homogeneous
terms, p. 7; major, minor, and middle term, pp. 2B-3o'
Tluodicee,by Leibniz, p. I5r.
Theophrastus, adds the moods of the fourth figure to the first, pp. 27, n. 2, 38, n. 4 i
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probably defined the first figure differently from Aristotle, p. z7; makes
conections to Aristotle's modal syllogistic, p. r 33 i on the meaning of necessity,
p, r5r, n. z1 makes explicit the distinction between simple and conditional
necessity, pp, r5I-2; his doctrine concerning moods with mixed premisses,
pp. I84 n., I85, IB7-8, rgr ;his peioremrule violated by a modal mood, p. r93;
acceptstheconvertibilityofuniversally-negative contingent propositions,p. zoo,
nn. I-4.
theorem of reduction, proved for the theory of deduction, pp. I I l-r5; for syllogistic, pp. r r8-zo.
theory ofdeduction, the most elementary part ofthe logic ofpropositions, pp. 49,
7gr83; invented by the Stoics as a system ofrules ofinference, p. 48; founded
in modern times by Frege, p. 48; placed at the head of mathematics in Principia Mathematica,p. 48 I reasonsfor introducing rejection into this theory, p. I o9.
theory of identity, axioms of, p. r49; difficulties resulting from the application of
modal logic to the theory ofidentity explained, pp. r70-r.
theory of probability, may have a link with modal logics, p. rBo.
therefore, sign of inference, pp. 2, 2I.
Oiors,order ofterms adopted by Aristotle for the three figures, p.33, nn. 3-5.
thesis, true proposition of a deductive system, p. zo; different from a rule of inference, p. zr; relation ofan implicational thesis to the corresponding rule of
inference, p. ez.
Thomas, Ivo, O.P ., p. r4 g, n. 2.
traditional syllogism, a rule of inference, pp. 2 r -23 ; different from the Aristotelian,
p. zr; neither true nor false, only valid or invalid, p. zt; weaker than the
Aristotelian syllogism, pp. 22-29.
transposition, law of, known to Aristotle, p.49, n.3; its symbolic form, p. Bg;
compound law of transposition, proved by the Stoics, p. 59, n. I.
Trendelenburg, F. A., does not distinguish the Aristotelian syllogism from the
,
n,2; on the pri nc i pl e of
tradi ti onal , p.22; on the order of premi s s esp.33,
division of syllogismsinto figures, p. 36.
twin contingencies, p. t76.
twin necessities,p. r7+,
twin possibilities,explained, pp. r72-4.
Ueberweg, Fr., pp. 36, 39.
undecidable expressions,p. rclo; infinite in number, p. ro3.
universal premiss, p. 4.
universal term, p. 4.
unumquodque,
quandocst, oporletcsse,a principle of necessity, p, I5t.
ulraquesi praemissanegetnil inde sequctur,connected with Slupecki's rule of rejection,
p.ro3'
V :ri l ati , C ., p. 50, n. 4.
v;rl i rl i ty, propcrty ofi nferenc es and rul es ofi nferenc e, p. z I.
vurinlrlr.s,intrtxlucecl into logic by Aristotle, pp. 7-B; truth of syllogismsdoes not
rl eperrrlorr shap<'ofva ri abl es p.
, g, n. z ; i denti fi c ati onofv ari abl es not k now n
to A ri stotl r',p. ry; thei r ex tens i onalrel ati onsc annot be determi ned, p. 29.
vcti l i r,rti otr ol ;i -rxl )rcssi () nsex
, pl ai ned, p. I63.
utrum vqnitur arl '1uillihl, p. r79.
vorr Wri gl rt, (l l l ,, l ). I.)1 l l .
l /, r orr:t.i l rt l i rrrrtrrr, i ts l l rr r-v ;rl rrc rlmatri x , p. r7e; i ts rel ati on to i ts tw i n func tor
Il , pp, r 72 .l i rl $ r,rl c i rr tl c l i ni ng c onti ngenc y ,pp. t75-6.
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