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easy to see that we can write, without ambiguity,
p v p' ): ( q v q') l v [ ( r v r ') r ( s v s';

APPENDIX I
THE USE OF DOTS AS BRACKETS
There are a number of points with regardto the punctuation
or bracketing of logical expressionswhich could not be conveniently explainedat any one place in the text, becausethe
symbolsof different sorts, in connectionwith which the use of
bracketing dots requires explanation, were not all introduced
at once. So, we proposeto deal here somewhatin detail with
the techniqueof the use of dots as brackets and to explain in
order the several points involved. The schemethat we have
adoptedis that of.Principia Mathematica,which, as will be seen,
includessome conventionsthat are essentialto any system of
bracketingand othersthat are arbitrary.
Consider,in the first place,an expressionlike
(p > p') v (q> q'),
wherethe useof brackets,or someequivalentschemeof punctuation, is essential. It will be seen,in the caseof this particular
expression,that we can if we like dispensewith the two extreme
bracketswithout incurring ambiguity; we can write
p ) p') v (q> q'.
And then we can replacethe remainingbracketsby dots:
p)p'.v.q)q'.
But if this is to be done,one point must be earefullynoted: the
brackets are asymmetrical,and thus indicate the direction in
which they operate, whereasthe dots are ambiguousin this
respectlso that we m'ustintroduce the conventionthat a dot is
always to be uuderstoodas operatingaway from the connective
or other symbol besidewhich it occurs.
Suppose,now, that we have such an expressionas
l(p v p') r (gv q')l v [(r v r') : (s v s')],
which involves bracketsof two sorts,wider and narrower. It is
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and if we adopt the convention thzlt a square bracket is to be
understood as being stronger than a round one, in the sensethat
a square bracket can have within its scope a round one, but not
conversely, then we can write:
p v p') > (qv q'l1v[r vr') : (s v s'.
lVe can then replace square brackets by double dots and round
brackets by single ones:
p v p' . ) . qv ( l'2v zr v r '. ) . s v s'.
The scope of a single dot is to be understood as being closed by
another single dot, or by two dots, whereas the scope of two
dots is not closed by a single one. Thus, in place of
(p = p') v (q > q') v (r > r'),
we can write
p) p' . v . q) q' . v . r ) r ',
or
p.).p'

zv i q. ) .

q' 2v 2r . ) . r '.

And these same conventions are to be extended to the use of
any number of dots that may be required.
Now, let us take the two expressions:
(p) > ( q v r ) and p > ( qv r ) ,
where, of course, brackets around the p in the first expression
are not strictly Decessary; and let us replace brackets by dots,
so that we have
p .). qvr and t r ) ) . qvr .
Here, although one of the dots in the first expression is superfluous, we commonly put it in for the sake of symmetry. Again,
let us take the three expressions:

p=l(qvr) > (svr)1,
lpl>[(qvr)>(qvr)],
(p)r[(qvr)>(qvr)],
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in connection with which, when brackets are replaced by
dots,
we have
p ),q v r.> .q v r,
p i ) i (l v r .).l l v r,
In aeeordancewith our conventions,each of these expressionsis
correct, the first being the most economical in the use of dots.
The second has the advantage that coiirdinate elements in the
complex are punctuated alike; but this is really unnecessary,
and it is comnion practice to adopt the third form. Whenever
one or more dots are required on one side of a connective, rve put
one dot on the other side even when it is not necessaryto do so.
We have, so far, omitted consideration of expressionsinvolving conjunction, becausewe also use dots to mean,and,, so that
the conventions in this respect require special discussion. Let
us take the expression
(p v s ). (rv s ),

p v q ..

If we here replace

. ry s r

where the middle dot is the sign of conjunction and the outer
ones serve as brackets. But it is customary, in such a case,
simply to write
p v q .rv s ,
and thus to allow a single dot to stand for conjunction and do
the work of bracketing as well. When this is done, however, it
is to be noted that the bracketing dot used, unlike the others we
have considered, must be understood as operating in both directions, since it does the work of two dots, one on each side of the
sign of conjunction.
Again, consider such an expression as
l(p = q) . (F

illv

[(r > s) . (s > r)],

which, when brackets are replaced by dots in aceordance with
the conventions so far put down, becomes
p ) q . q ) p av : r ).s . s f r,

Now, it is not customary in such a case to use double dots in
connection with v; we may write
p) q. q) p. v. r f s. sf r

p .)..q v r.> .q v r.

in which the dot stands only for conjunction.
brackets by dots, as above, we have
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and understand the dots which stand also for conjunction as
being 'weaker' than those occurring beside a connective-as if
some of their force were taken up in meaning ,and.' In place of
(p.q)vr
w e w ri te p. q. v. r
r at her t han p. q: v. r 1 and in
pl ace of p.l q> (rvs) ]
we wr it e p zq. >. r vs.
I n gener al,a
given number of dots occurring beside a connective will carry
over an equal number standing also for conjunction, and a given
number standing for conjunction will carry over a lesser number
beside a connective. And, of course, a single dot meaning con_
junction will carry over a bare connective-as in p q v
.
r, which
means p . (qvr).
There is one further matter that must be dealt with regarding
the way dots are to be understood as operating in given directions.
Consider the expression
sv[ pv

{( qr r ) ) s}] ,

which we should write
s. v: . p. v2q. f r . ) . 8,
and note that we here use three dots after the first occurrence
of
v in order to get over the two dots which come after
the second
occurrence,despite the fact that these,latter dots operate
in the
same direction as the set of three. That is to say, we regard
the
scope of a set of dots as being closed when another
set of equal
or greater strength is met, no matter what the direction
of opera_
tion of the other set. It wourd be possibleto adopt a
convention
to the effect that the scope of a set of dots could
be closed onlv
by dots operating in the opposite direction; and in
u..ordun."u
with such a convention, we could write
s. v: p. v: q) r . r . 8r
which would correspond to

sv{pv[(qrr)rs]].
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But this would make our expressionslesseasyto read and would
effect a very slight compensatingeconomy.
There remains only one other class of dots to be discussed,
namely, those which comeafter prefixes. Consider,for example,
the expressiou

(x)lf(x).l'@)1,

which is to be written

(r).t@).1 '@).
We regard a dot which comesafter a prefix as being stronger than
one which indicates conjunction. But, on the other hand, we
take such a dot to be weaker than one standing besidea connective; so that, for example,
pvl(r).|(x)l
may be written
p,v, (r) .!(a),
where the single dot after v brackets the entire expressionto
the right of it. We write

(a): (fiy) .f(r) .I'(y)
in place of
and

(r)l(sy)ll@). I' (y)ll,
(x).!(x) z(fia).I'(a)

in place of

[(o){/(c)}] . t(Ev){/(s) 11.
Now, inasmuch as - and 0 are prefixes,it might be expected
that we should deal with them as we do with (o) and (So);
that we should, for example,replace
by

-[(Er) ./(c)] and o[(so) ./(o)]
-t(Ex) .I(4

and o z(flx) .l(n),

and replace
by
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-(pv q.=. p) and 0(p v q.), p)
ripv q.), p and 0ipv q.).p.

This procedure would be quite in accordancewith the conventions we have adopted;but, in fact, we disposeof thesetwo cases
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in otherways. In the first case,we write
-(g.n), f(x) and 0(g') ./(t),
without either brackets or dots-as if -(fir) and 0(fia) were
singleoperators,although of coursethey are not, since the scope
of the attached prefix is, in each case, the entire expression
(o:r) .I@). In the same way, we write
(r):-(Sy) .f(n,y) and (o) :o(try) .I@, y)
in place of

(o). -t(gy) . !(x, a)l and (a). o[(qy).I@, y)l;
and, again,

a(flx).f(r)
in place of

./(u)}1.
-to{(so)

Inthesecondcase,
wherewehave -(pv q.t. p) and 0(pvg.t
. p), it is customary simply to retain the brackets, rather than
to make use of dots.
It will be observedthat nearly all the foregoing examplesillustrate the minimum number of dots that may be usedin a given
case. We must thereforepoint out that the schemeis moreelastic
than would appearfrom theseillustrations. It is alwayspossible,
in the interest of clarity or of emphasis,to use more dots than
are strictly required,provided,of oourse,that we have due regard
for the difrerent degreesof strength of dots of difrerent classes.
Thus, (o)./(t).9(n) and (c) zI@).g(r) meanthe samething, as
do p. >. (flx).1(x) and p.> z(Ex).t@).

